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Abstract- In this study, entropy generation of fluid flow in axially moving micro-concentric cylinders for the Couette-Poiseuille slip
flow was studied. Fully developed laminar flow was considered with uniform heat flux at the walls. The effects of slip velocity,
temperature jump at the walls, and viscous dissipation were taken into consideration. The velocity and temperature profiles were
obtained analytically and used to compute the entropy generation. The obtained results were compared with the available data in the
literature and an excellent agreement was observed. Effects of Knudsen number, cylinder moving velocity, cylinders radius ratio,
Brinkman number and Br/Q on the entropy generation were also investigated. It was found that by increasing the Knudsen number
and cylinder moving velocity the entropy generation is decreased, while any increase in cylinders radius ratio, Brinkman number,
and also Br/Q causes the entropy generation to be increased. It was also found that the fluid friction is the main reason for the
entropy generation for flow in the annulus region.
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I.  INTRODUCTION

Fluid flow in micro channels has emerged as an important area of research. This has been motivated by their various
applications such as medical and biomedical use, computer chips, and chemical separations. The advent of micro-electro-
mechanical systems (MEMS) has opened up a new research area where non-continuum behaviour is important. MEMS are one
of the major advances of industrial technologies in the past decades. Micron size mechanical and biochemical devices are
becoming more prevalent both in commercial applications and in scientific research. The extensive engineering applications of
microchannels have promoted abundant studies on their fluid flow and heat transfer characteristics. Besides the analysis based
on the basic conservation laws, the second-law analysis is crucial in understanding the entropy generation attributed to the
thermodynamic irreversibility, which is useful for studying the optimum operating conditions in designing a system with less
entropy generation [1].

Recently, Marques et al. analyzed the Couette flow with slip and jump boundary conditions for parallel plates. They
analyzed the steady plane Couette flow within the framework of the five field equations of mass, momentum and energy for a
Newtonian viscous heat conducting ideal gas by considering the slip and jump boundary conditions [2]. Haddad et al.
investigated numerically the entropy generation due to steady laminar forced convection fluid flow through parallel plate
microchannel. The effects of Knudsen, Reynolds, Prandtl, and Eckert numbers and also the nondimensional temperature
difference on entropy generation within the microchannel were investigated [3]. Aydin and Avci studied laminar forced
convective heat transfer for a Newtonian fluid in a micropipe by taking the viscous dissipation effect, the velocity slip, and the
temperature jump at the wall into account. They examined the hydrodynamically and thermally fully developed flow case by
considering two different thermal boundary conditions i.e., the constant heat flux (CHF) and the constant wall temperature
(CWT) [4-6]. Hooman presented the closed form solutions for fully developed temperature distribution and entropy generation
due to forced convection in MEMS in the slip-flow regime, for which the Knudsen number lies within the range 0.001<Kn<0.1.
Two different cross-sections were analyzed, being microducts and micropipes, by including the effects of viscous dissipation
[7]. Barkhordari and Etemad performed numerical simulations to study flow and thermal fields of non-Newtonian fluids in
circular microchannels. The flow was considered to be slip, axisymmetric, steady, incompressible, and laminar and the power
law model was used to characterize the behavior of the non-Newtonian fluid. The constant wall heat flux and constant wall
temperature were employed as thermal boundary conditions [8]. Sun et al. investigated the steady-state convective heat transfer
for laminar, two-dimensional, and incompressible rarefied gas flow in the thermal entrance region of a tube under constant
wall temperature, constant wall heat flux, and linear variation of wall temperature boundary conditions. The study was
performed by finite-volume finite difference scheme with slip flow and temperature jump conditions [9]. Avci and Aydin
applied the second-law analysis of thermodynamics to two different micro geometries including microtube and microducts,
between two parallel plates. They carried out a parametric study on hydrodynamically and thermally fully developed slip-flow
with constant properties to determine the combined effects of the Brinkman and Knudsen numbers on the entropy generation
[10]. Avci and Aydin also studied an analytical solution to forced convective heat transfer in hydrodynamically and thermally
fully developed slip-flows of viscous dissipation gases in annular microducts between two concentric micro cylinders. Two
different cases of the thermal boundary conditions were considered including the uniform heat flux at the outer wall and
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adiabatic inner wall and the uniform heat flux at the inner wall and adiabatic outer wall [11]. Hooman presented superposition
approach to investigate forced convection in microducts of arbitrary cross-section, subjected to the H1 (constant wall
temperature) and H2 (uniform heat flux at the walls) boundary conditions, in the slip-flow regime with further complication of
a temperature jump condition assumption. It was shown that applying an average slip velocity and temperature jump definition,
one can use the no-slip/no-jump results with some minor modifications [12]. Yari presented the first and second laws of
thermodynamics analysis for laminar forced convective heat transfer for a Newtonian fluid in a microchannel between parallel
plates for Couette-Poiseuille flow. Hydrodynamically and thermally fully developed flow with constant properties was
examined. Entropy generation was shown to decrease with an increase in Kn while increasing Br and Br/Q results in
increasing the entropy generation [13].

For flow inside a micro annulus, Yari investigated the entropy generation in a micro-annulus flow. Fully developed laminar
flow was considered with uniform heat flux at the walls. The viscous dissipation effect, the velocity slip, and the temperature
jump at the wall were taken into consideration. The velocity and temperature profiles were obtained analytically and used to
compute the entropy generation rate. Entropy generation was shown to decrease with an increase in Kn while increasing Br,
Br/Q and r* resulted in increasing the entropy generation [14]. Khadrawi and Al-Shyyab studied the hydrodynamics and
thermal behaviors of fluid flow in axially moving micro-concentric cylinders. The viscous dissipation, slip flow, and
temperature jump at the walls were considered. They also assumed no significant gradient of pressure in the x and r directions.
The velocity and temperature profiles obtained analytically and data optioned using a symbolic algebraic equation solver code.
It was shown that as Kn increases the slip in the hydrodynamic and thermal boundary condition is also increased. The slip and
jump at the inner surface were much larger than that of the outer one and the slip velocity vanishes when the outer cylinder
velocity approaches the inner cylinder one [15].

According to our knowledge, there is a lack of information in the literature regarding the second-law analysis and entropy
generation for heat transfer and fluid flow through axially moving cylinder by taking into account the effects of viscous
dissipation, slip velocity, and temperature jump. Thus, the aim of this paper is to analyse analytically the entropy generation of
Couette-Poiseuille slip flow in a micro-annulus.

Il. MATHEMATICAL MODEL

Consider two long concentric cylinders with a viscous fluid between them, as shown in Fig. 1. The Outer cylinder moves
axially with relative velocity V, than the inner cylinder. In the analysis, the flow is considered to be fully developed both
hydrodynamically and thermally. Steady, laminar flow having constant properties is considered. The axial heat conduction in
the fluid and the wall is assumed to be negligible.

A. Hydrodynamic Aspects

The equation of motion for flow with aforementioned assumptions for a cylindrical geometry in the x-direction is described

as:
10( ou) 1dP
e Ll s M)
ror\ or) udx
ap
That P is the pressure of flow and dX is the pressure gradient in flow.
Hydrodynamic boundary conditions are:
Qw insulated
£ ] M
T T T T N y -
> Flow o
Flow o
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r X insulated TI T _Q;/ ________________ B
(@) (b)
Fig. 1 Geometry and schematic diagram of flow domain: (a) Case A; (b) Case B
r=r, u=u 2)
r=r, u=V-u 3)

where, us is the slip velocity which for a cylindrical geometry can be expressed as [4]:
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where, 1 is the mean free path, F is the momentum accommodation factor which is close to unity for most of the gas solid
couples used in engineering applications and taken so herein. By using the following dimensionless parameters:

I, u \

r —_— p—
R=—, r*=— |, u=—, v=— 5)
I INo u u

o] m m

The fully developed velocity profile can be determined by solving Eq. (1) together with the slip boundary conditions given
in Egs. (2) and (3) as:

- - 1-R2+2rInR+a -
u=>1-v) b +V ©6)
2
where, a and b are:
a=2Knd-r)a-r") O
2,1 r*
b=1-r*—4r’(Z+———Inr*)+2a 8
VG ) (8)
where, Kn is Knudsen number (Kn = A ) ) and rn: designates the dimensionless radius where the maximum velocity
P
occurs and is given by: ~
(L= r*)(L+4Kn)+b——
= et ©)
2in(L)—akn (ot
() —4KN(——)

B. First-law analysis

The steady-state energy equation for laminar flow under the assumption conditions can be written as:

2
um:aa(rﬂj+ H (auj (10)
ox ror{ or) pC,\or
The thermal boundary conditions for case A and B are:
Case A : , °
LIy {T =T, an
or
r =
r=r °
Case B: ", 12
{T IERE L 2
or
where, T; is the temperature jump which for cylindrical geometry can be expressed as [4]:
2-F 2y A 0T
T T, =ttt S (13)
F 1+yPror|,.

where, y is the specific heat ratio, Pr is the prandtl number of the fluid and Ft is the thermal accommodation factor, which
depends on the gas and surface metal such is assumed typical value near unity for air.
For the uniform wall heat flux case and thermally fully developed flow, the first term in the left side of Eq. (10) is [16]:

or oT, oT,
— =% -_n (14)
OX  OX OX
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With isoflux walls, following the application of the first-law of thermodynamics, the longitudinal bulk temperature gradient
in the fully developed is as follows [7]:

ot du,’
m'C, —" = + | u(—) dA (15)
P E =0, )
Where, p is the heated perimeter of the micro channel. By introduction the following non dimensional temperature
T =T 16
G, /K (40
Eg. (10) can be written as:
Case A: ——( —) = - Br(a—a)2 (17)
R drR —-r* R
1d 2a0r* au
Case B: ——(R—)= —-Br(=—)* (18)
R dR (R ) —-r* (8R)
2
where, Br is the Brinkman Number ( Br = Hldy ), and a, is:
Aulo
1-v)? | 1-r* . .
Case A:  a,=1+16Br ( 2 v’ { - rm4 In r*—fmZ(l— r )} (19)
1_\_/)2 1_ rH x4 *2
Case B: =1+16Br( T T Inr*=r(=r>* 20
% r*b? { 4 " - 6 ) (20)
For case A, solution of Eq. (17) under thermal boundary conditions given in Eq. (11) is obtained as
o o 2 4 *2
_ &V : Rz+4ao(1 \2/) &_&_iRz_ .2 R? (1—In R)+
2(l-r*%) b(1—r*) 4 16 4 4
. e, (21)
16Br(1 ZV) (InR) R_WR +¢,InR+c,
b 16 2

where, c1 and c2 can be obtained by applying the boundary conditions:

% %3 *2
= """\/Zr*+4a"(1 \2/) r.r —Lr*—rfr*lnr*+§r*
1-r* bl-r*)| 4 4 2
1-v)?[ .2lnr* r* (22)
_168r ¢ —2\/) e LU
b r* 4 r*
- - X2 N2 *2
___ &Y 5 +4a0(1 \2/) i—rL+E —168r(1 ZV) 1 W +C, (23)
20-r*) b(l-r*)|16 2 4 b> |16 2

For case B:
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C. Second-law analysis

According to Bejan [17], the volumetric rate of entropy generation is defined as:

ok 1
S en = 7VT 2 +—
=7 T, ¢ (27)

0
b I B [ o e e
That ¥ is the dissipation function and for cylindrical coordinates defined as: or’rog” rof o | ith
&y

assumptions of flow it becomes Or” [16]. Therefore Eq. (27) can be written as:

k aT ., ,u (6u)

é gen = —5 (7) (28)

where, T, is the reference temperature [18]. The dimensionless form of entropy generation rate is entropy generation number
(N,) which is equal to the ratio of the actual entropy generation to the characteristics entropy transfer rate [19]. Using the non-
dimensional quantities, the eq. (28) can be expressed as:

Sge“ (—) E(a—“) =N, +Ng (29)
SG'C Q oR
where, 0% is [4, 7]:
4y Kn
F=0——"——(@1-r*
1+y Pr ) (30)

and Q is the dimensionless temperature difference:

Q=-v
T, 31)
SG, Cin Eqg. (29) is the characteristics entropy transfer rate, defined as:
O
Sec = Tozk (32)
The average entropy generation rate (over a cross-section), Ns . , can be defined as follows:
stdA _[N RdR 33)

s,ave A 1 r *2

D. Analysis validation
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In order to validate the present model, the simulation results have been compared with the available numerical data for
simplified cases from Yari [14], Avci and Aydin [11] and Kays et. Al. [16] which are given in Fig. 2, Table 1 and Table 2. As
seen, an excellent agreement is obtained.

1 T T T T T T T T T
——Br=0.0 Kn=0.1 _Kn=00 1
09 ---Br=0.1 /,// N 4 case B i
( case A v=0 r*=0.5
0.8 v=0 r*=0.5 —— Present study _
o —Present study | . ® Yari study
07k ® Yari study |
[
0.6} s ~o._ 4
e
0.5 1 , S
0.5 0.1 0 o1 o
(a) (b)

Fig. 2 Comparison of dimensionless temperature distributions for present study and available results from the Yari [14]

TABLE 1 COMPARISON NUSSELT NUMBERS FOR PRESENT STUDY AND AVAILABLE RESULTS FROM [11, 14] FOR DIFFERENT VALUES r* AT Kn=0, Br=0 AND V= 0

Case A Case B
r*
Present study Avci and Aydin [11] Present study Avci and Aydin [11]
Yari [14] Yari [14]
0.2 4.88251 4.88259 8.49933 8.49892
0.4 4.98023 4.97917 6.58393 6.58330
0.6 5.09960 5.09922 5.90542 591171
0.8 5.23636 5.23654 5.57707 5.57849

TABLE 2 COMPARISON NUSSELT NUMBERS FOR PRESENT STUDY AND AVAILABLE RESULTS FROM [16] FOR DIFFERENT VALUES r* AT Kn= 0, Br=0 AND Q =0

Case A Case B
r Present study Kays et. al [16] Present study Kays et. al [16]
0.2 4.88251 4.883 8.49933 8.499
0.4 4.98023 4.979 6.58393 6.583
0.6 5.09960 5.099 5.90542 5.912
0.8 5.23636 5.24 5.57707 5.58

IIl.  RESULTS AND DISCUSSION

Fig. 3 exhibits the influence of Br/Q on the entropy generation at Kn values of 0 and 0.1 and at different values of r* and v.
This parameter determines the relative importance of the viscous effect. As seen, increasing the value of Br/Q results in
increasing the entropy generation due to viscous dissipation. On the other hand, increasing the Kn value causes the entropy
generation to be decreased because of some decrease in the fluid friction. Moreover, entropy generation tends to increase with
decreasing r*.

The calculations show that the Bejan number is Be—0 (Ns~=Ng), which clearly means that the entropy generation is mainly
occurred as a result of the fluid friction. Moreover, the entropy generation is minimized in the region of the annulus where the
velocity magnitude is maximum. In addition, entropy generation reaches to a high value in the regions nearby the annulus pipe
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walls which is due to the high velocity gradient in these regions. Another point worthy of comment is that the spatial variation
of entropy generation is similar to the velocity profile.

Fig. 4 illustrates the variations of N,y against at different levels of Br/Q and different values of r* and v. It can be seen
that the average entropy generation rate is decreased by increasing the Kn and v values. Furthermore, a direct dependence
between the entropy generation and v is observed, so that by increasing the v value, the entropy generation is increased. This
is because of increasing in fluid friction by increasing the v value. Fig. 4 also shows that the entropy generation rate could be
increased by increasing the value of v. It can be interpreted on this fact that the velocity gradient tends to increase by

increasing the v in which case the rate of fluid friction increases in the region of the annulus pipe wall. As observed from Fig.
4, the average entropy generation rate decreases with increasing Kn, or by increasing Br/Q2. Hence, the entropy generation rate
due to the fluid friction is increased with an increase in Br/Q. Finally, another feature of considerable interest is that the case A
is the most irreversible design while the case B produces the least entropy.

IV.  CONCLUSION

Entropy generation of fluid flow in axially moving micro-concentric cylinders in the slip flow and temperature jump
regime as well as how it varies with Kn, Br, Br/Q, r* and v were studied. Fully developed laminar flow was considered with
uniform heat flux at the walls. The velocity and temperature profiles were obtained analytically and used to compute the
entropy generation rate.

The following conclusion can be summarized from this study:

«  Entropy generation decreases as Kn and v increase, while increasing of Br, Br/Q and r* lead to an increase in the
entropy generation.

. Case A is the most irreversible design while case B produces the least entropy generation.
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Fig. 3 The variation of Ns for different values of Kn, Br/Q2 and r*: (a) Case A and (b) Case B
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