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Abstract-An efficient reduction of gaseous hydrogen isotope permeation through a metal wall is essential in several applications like
hydrogen storage and distribution, hydrogen embrittlement protection, and tritium inventory in future fusion reactors like ITER.
Hydrogen permeation barrier films often exhibit lower efficiency than anticipated. It is very difficult to identify and quantify the
responsible mechanism since the defects can be of submicrometer dimensions and very sparsely populated. We considered hydrogen
permeability through a cylindrical membrane (barrier) in the presence of protective coating defect at the inlet surface of a structural
material. For various materials, when the processes of diffusion, desorption and dissolution are limiting, we present the
mathematical models in the form of boundary value problems with non-linear and dynamic boundary conditions. On the basis of the
implicit difference scheme, a computational algorithm of a boundary value problems solution is developed. Numerical simulation
results of hydrogen permeation flux and diffusant distribution are presented. Qualitative regularities of steady state permeability
regime establishment and delay times registered experimentally and depending on geometric characteristics of the membrane and
physical parameters are identified.
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l. INTRODUCTION

The problem of hydrogen (and its isotopes) interaction with solids is a multi-faceted one [1-5]. In particular, reduction of
hydrogen permeation through the protective wall of structural materials is the most important objective when solving the
complex problems of hydrogen storage and transport, protection from hydrogen embitterment, and reduction of tritium content
in protective systems of the future thermonuclear reactor project (ITER) monitoring. Structural material barrier provides the
necessary mechanical resistance of the construction, while superimposed protective coating must block migration of hydrogen
isotopes. Some areas of the structural material might be exposed to the direct effect of hydrogen and its isotopes due to defects
in the protective coating. Asymptotic analysis and investigation of the geometrical factors influence on the hydrogen
permeation on the surface (roughness, ruptures) and inside the membrane volume (defects of structure, interstices) has been
conducted by Pisarev et al. [6]. A more detailed review (34 references) of the physical-chemical literature on this topic is
provided in [7], which was the basis for the present mathematical study. The paper also considered permeation through Eurofer
coated with Al and Pt coated with Al,Os. In [7], the model of hydrogen permeability through a cylindrical membrane (the
radius of the base L, the height H) was examined, when diffusion was the only limiting process. At the inlet surface covered
with a thin protective coating, there was a small radius defect in the coating (“pinhole defect”) through which hydrogen
permeated. The remainder of the inlet surface and the lateral surface of the cylindrical membrane were impermeable for
hydrogen. Vacuum was created on the output side. At the initial time moment the membrane was dehydrogenated. Then, on the
inlet side molecular hydrogen pressure increase jump-wise. If we disregard the relatively fast interjacent process, one can
suppose that the concentration of dissolved hydrogen under the defect remained constant ¢ and in equilibrium with the gaseous
phase according to Sievert’s law. Dissolved (atomic) hydrogen diffuses to the outlet surface, recombinates into molecules and
is desorbed. Mass-spectrometer registered a permeation flux. An analytical study of the corresponding boundary value problem
without accounting surface processes was carried out only for the case “an infinite plate” (L — 4+o0) [8, 9]. A rather detailed
discussion and references are given in [7]. The main weakness of such definition of the problem is that the dynamics of surface
processes which has attracted a lot of attention recently, is ignored in the model. The material sample (for example, partition of
a pipeline) is assumed to be mechanically strong. The concentration of penetrating hydrogen is low due to the “pinhole defect”.
The linear diffusion equation is adequate for this situation and the effects of stress, strain, and deflection do not appear
essential. The problem under consideration is to describe the general regularities depending on diffusion, sorption parameters
(characteristics of material) and the geometric ratio. Even if the barrier retains its mechanical properties, penetration of tritium,
even in small doses, can be extremely dangerous. The purpose of this study was to build a computational algorithm (in terms of
difference approximation) for the simulation of hydrogen permeability for a cylindrical membrane through defective barrier
coating with the account of the influence of surface processes. The results of numerical simulation provide a way, for example,
to determine the limiting factors for various relations among the parameters (including geometric) and working conditions of
the structural material, to estimate the value of the permeation flux and the time of its stabilization rate and to evaluate the
distribution of the hydrogen concentration inside the membrane. These factors give information on the possible ways of
treatment of the material (pre-training surface, various additives inside). Hydrogen isotopes are exclusively mobile, which is
why experimental capabilities and the precision of measurements are significantly limited.
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Il. DIFFUSION MODEL

As a basic model of the transfer inside the membrane, the boundary-value problem of hydrogen permeability of a
cylindrical sample with defect protective coating on the inlet surface was considered, when diffusion limiting factor is the only

one [7-9]:
dc 0%°c 1 dc 9%
= T R 1
Jt D <6r2 + r or + az2>' @)
r€(0,L), z€ (0,H), t € (0,t,),
c(t,r,0) =c, re[0,rp], 1o <L, 2
i}
a—z(t, r0)=0, r€(rL,t=0, @A)
c(t,r,H) =0, re[0,L],t=0, O]
0 eLn=0, L+0z=0 )
61"(’ 'Z)_ ) 67'( ,Z)— ]
c(0,7,z) =0, r € [0,L], z € [0,H]. (6)

In the above equations, r, — radius of “pinhole defect” at the inlet surface z = 0, c(t,r,z) — concentration of dissolved
atomic hydrogen, diffusing in material; D — diffusion coefficient, [D] = cm?/s. It is assumed that the experiment is carried
out at a constant temperature T = T, the material is nearly homogeneous, so that ¢, and D are constants. For definiteness we
assume ¢, = € « \/E (according to Sievert’s law, the equilibrium solubility ¢ at different inlet molecular hydrogen pressures p
and temperatures T can be found in reference books). The linear dimensions of the defect are relatively small, we consider it
circular and situated in the center (which is not a fundamental constraint for numerical simulation). The point of time ¢, is the
determined moment when the permeation flux J(t) reaches the stationary value. It should be noted that the determination is
asymptotic: J(t) = const, t = t,. The point t, should not be too large for the transition processes not to get lost against the
background of the steady-flux process. The boundary condition (2) corresponds to the rapid (in the scale of t,) establishment
of local equilibrium on the inlet side. The condition d,.c(¢t, +0, z) = 0 follows from the spatial symmetry of c(¢, 7, z).

The aim is to develop the algorithm of numerical simulation of the flux of hydrogen from the outlet surface of a cylindrical

membrane. For the purpose of this model (1)—(6):
L

0
o=-0 %
0

The counting is done in atoms ([J] = 1/s), although it is the hydrogen molecules that are registered. Atomic desorption
becomes significant only at very high temperatures. Change in the formulation of J(t) and the overall model including the
process of recombination of H atoms to the molecule on the surface (in the near-surface bulk) are described in the next sections.

2nrdr.

z=H

Modelling makes it possible to reveal diffusion kinetics specificity and to estimate the significance of sizes membrane and
defect ratios. It is possible to analyze the spatial distribution of H in the sample at any time. In the first approximation there is
one physical parameter — the diffusion coefficient D, which “bifurcates” to preexponential factor D, and activation energy of
Ep, due to the temperature dependence according to the law of Arrhenius D(T) = Dy exp { — Ep/[RT]}-

Remark. Formally initial zero data (6) do not agree with the initial condition (2) when t = +0 (instant jump of
concentration). From the mathematical point of view, the solution to a boundary value problem should be considered within
the theory of generalized solutions. A realistic quick transition process (during the first few steps of the experiment t) was
taken into account when the model was discretized and numerical simulation was conducted. The jump can be considered a
formal notation of this initial stage, in this case all models can be considered as a compact “continuous” representation of a
discrete process.

I11. NUMERICAL APPROACH: DIFFERENCE APPROXIMATION

We consider the diffusion model (1)—(6) as a base for further development to take into account the dynamics of surface
processes, therefore its presentation will be done in detail, then we will point out necessary modifications.

Following a standard technique [10], the grid in space is introduced
0, = 1 =1th,, 0 < i< Ny, h. =L/N;
h = {(TiijNZ]_ =jh,,0<j < N,,h, = H/Nz}’

and the grid at the time w, = {t, = kt,0 <k < K,7 =t,/K}. The value of r, = 0 and radius of defect ry € (0, L) differ
according to the context. Let us denote approximate values of the inside concentration of c(t,1;, z;) by c{fj. To make the
presentation easier during the transition from k-th to (k + 1)-th layer at time ¢t if the number of the layer is left out:
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_ ks _ k+1/2 4 k41
Cij = CipCij =Cij  Ciy=cij, (1,2) € Oy

The implicit scheme of alternating direction is considered for Eq. (1). The scheme is called a longitudinal-transverse or

Peaceman-Rachford scheme [10]. The transition from k-th to (k + 1)-th layer is carried out in two stages. At the first stage the
intermediate values of ¢; ; are determined from ratios

Cij—Cij _ Cij-1 = 2Cij+Cijsr  Cim1j = 2Cij+ Civaj  Ciraj = Cicayj
2 2
0,5tD hz hz 21;h,

At the second stage, using the already known ¢; ;, we find ¢; ; of

Cij—Cij _Cij1— 26+ Cijn 4 Cim1j = 2Cj+ Cita + Ciy1,j — Ei—l,j' @
0,5tD h? h?2 21;h,
Approximation data (for the first and second stages) are considered in the internal nodes of the grid (i =1,...,N; — 1,
j=1,...,N, —1). Approximation accuracy is O(t% + h2 + h2). For r - 0 (h, — 0) due to the condition d,.c|,, = 0 and
taking into account d,.c/r ~ d2c for the nodes with the number i = 1 we use difference approximation of the equation
d.c = D[202c + 02c].

A. Radius r Sweeping
The transition from k-th to (k + 1/2)-th layer is considered. In the notation
1—[2i]* 1+2i17Y v h?
d=— o BiE (l—h—)' =24

Fij = (hyhzY)2n ey jog — 2¢ 5 + ¢ jea) +[1— 27 ey, (k=0)

for every fixed j = 1,2, ..., N, — 1 we obtain
Aiéi—l,j - Ei,j + Bi5i+1,j + Fi,j = 0 (0 < I, < Nl) (8)
The values at the initial moment of time t = 0 (the zero layer) are known: c{fj = 0. Following the sweep method [10], we seek
the approximate concentration values in the grid nodes on the (k + 1/2)-th layer (k = 0) in the form of
Cij = Qiv1,j Civrj T Bivrj (0 <1< Np). ©))
The sweep coefficients (i = 2,3, ..., N;) are:

- B4 g = Fioyj+Ai1Biovj (10)
Mol-A a0 Y 1—Ai a4
Let’s specify the initial coefficients.
e Theratioof (8) fori =1is:
1 } 3 .
ZCOJ_CL]“FE C2’j+F1’j:0. (11)

From the boundary condition (5) (d,.c|., = 0) with an accuracy 0 (h3) we have (here and further formulae of numerical
differentiation of the form f; = [=3f, + 4f1 — f21/[2h], f2 = [fo — 4f1 + 3f2]/[2h] are used)

0 = 2h,0,c(tis1/2)+0,2)) = —Cyj + 4C1; — 30 - (12)
Taking into account (11) and (12), we find a, ; = (6 —x)/4, B,; = Fy j»/4.

e Ifr - 40 we have d,c/r = (9,c(t,1,2) — 9,¢c(t, +0,2))/r = 07c. The initial coefficients of a, ;, B, ; are found from
the approximation of the equation d,c = D(202c¢ + d2c) on the (k + 1/2)-th layer at i = 1 (Eq. (1) is approximated for
i > 1) and conditions d,.c|,, = 0:

2(Coj +Cpn™ = ¢ ;(1+ 20"+ Fyj =0, Gy = 4¢1; — 3G, (13)
dueto a; ; = (6 —x)/4, Byj = Fy j»/4. The forms are similar.

e Axial symmetry of concentration distribution is used for the location of the first sweep coefficients. The value of the
r = 0 corresponds to the axis of the cylinder. Spatial area [0, L] X [0, H] can be regarded as half of the axial cross-
section of the cylinder. Formally a symmetrical node (i = —1) is added then letting

Coqj =05 (Coj = c(Ckrrjz —hr, 2) = C(trras2 hr 2)).
Continuing to operate formally, let us write down the Eq. (8) fori = 0 (r = 0), taking into account the condition of
symmetry:

C_1,j hey L G hy _ _
_(1_Z)_COJ+7(1+§)+FOJ=0, C_1’j=C1J‘.
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With the exception (division by r ~ 0) if the condition ¢_, ; = ¢; ; ““is reduced”, we get a, ; = 2/x, B j = Fy ;. Note
that when h7/[Dt] = 1, h, < 1(cy; = ¢;;) We have x ~ 4, F, ; ~ F; ; and almost the same value of a, ;, B ;. Itis
expedient to adhere to the comparability of h?/[Dz] ~ 1 to be able to compare the accuracy of the derivatives
approximation by time and spatial variables.

e Function continuation is symmetrical: c(t,r,z) = c(t,—7,z) (r < 0), that isr € [—L, L]. The diffusion equation is the

same. Tractable exception d,c = D(202 + d2c), r = 0 is due to d,.c|,, = 0 for r = 0. Formally, we “stick together”
the diffusion equation on [—L, L]. Similarly, we obtain the ratio of (13) as 2(¢_yj + ¢;;) /% — o ;(1 + 2/%) + Fy; = 0.
Assuming ¢_; ; = ¢y j, we find ay j = 4/(2 + ), p1,; = Fo j2/(2 + x).

Numerical experiments showed that the considered variants of primary sweep coefficients determination when calculation
is executed on a rather fine grid, leading to virtually the same results.

After the forward sweep pass has been executed (coefficients a; ;, B; ; have been determined) the nearest aim to determine
the value ¢y, ;, is required for backward sweep. Writing approximation of the first boundary conditions from (5) taking into
accountr = L (d,¢(t,L,z) = 0), we have

2hy0rc(tis/2, L, 2)) = Cyy—zj — 4Cny—1,; + 3Cn, )
in the boundary node with an accuracy O(h;). We substituted expressions for ¢y, _ ;, Cy,—1,; in formula (9) and determined
that
f = ,BNl,j(4’ - aNl—l,j) - .31v1—1,j
Nl 3+ay,j(ay,-1;—4)

By formula (9), the values ¢; ; (0 < i < N;, 0 < j < N,) are calculated.

, 0<j<N,.

Now we find missing values ¢;; for j =0 and j = N,, 0 <i < N;. We have ¢;y, = 0 taking into account boundary
condition (4) when z = H (c(t,r,H) = 0). Let’s denote iy, = max {i:r; < 1y}, then we obtain ¢;o = ¢, (0 <i <i,) and
Cio = (4¢;1 — Ci2)/3 (ip < i < Ny) from the boundary conditions (2), (3) (at z = 0).

B. z Variable Sweeping

The transition from the (k + 1/2)-th to the (k + 1)-th layer is executed in two steps, because cylindrical coordinates have
an exception at r — 40 and on the boundary z = 0 we have a mixed boundary condition.

The first step: i = 1,7 -» +0 (h, K 1y, 0,.¢/T = 02c), the sweeping algorithm is carried out for the diffusion equation
d.c = D(20%c + 02c). Its approximation is:
Crj—=Crj  C1joq1 =28 ;48 54 Coj— 20y

+2 +52‘j(0<'<N)
0,50 hZ h2 J =N

In the notations G = 2(1 + h2/[D1]), Fyj = 2(h,hy1)?(Co; — 261 + C2;) + (G — 2)¢, j, we obtain

Crjo1—Géj+ 8 +F;=0 k=0 (14)
We seek approximate values of the concentration on the (k + 1)-th layer in the form
C1j =161+ Prjer, 0 <Npyk=0. (15)
We seek sweeping coefficients (1 < j < N,), substituting formula ¢, ;_; = a4,j¢; j + B1,; (0 < j < N;) in (14):
1 o Fijo1+Brja
G—ayj. "V G-y,
Initial sweeping coefficients a; ;, §; 1 are found taking into account formula (15) when j = 0 and conditions (2) (¢, = ¢):
a1 =0, B11 = ¢
The second step: We have i = 2, ..., N; — 1, r > 0 and execute the sweep method for the Eq. (1). We obtain
Cijo1—Ge;+ 6y +F ;=0 k=0, @an
for differential formula (7) using the notation

(16)

;=

_ h,\? 1y _ h2\ _ 1\ _
Fi,j z(h_r> (1_Z)Ci_1,j—2 1_E Ci.]'+(1+5)ci+1.]' .
We seek concentration values in the grid nodes at the (k + 1)-th layer in the form

Cij = ijr1Cijrr + Bije, 0<j<Npyk=0. (18)
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Sweep coefficients (j = 2, ..., N,) are:

1 Fij1+Bij1

@) =——) Bi=
2] 4 L]
G—ajjq G —ajjq

(19)
We find initial sweep coefficients for r < ry (i < i) from (18) for j = 0, taking into account conditions (2) ¢; o = ¢ @;; = 0,
Bi1 = co. Initial coefficients for r > r, (i > i,) are determined with (17) for j = 1, taking into account the boundary
conditions (3) azc(t, T, 0) = 0, r> Ty (—36,:,0 + 46,:‘1 - 6!’,2 = 0) Aiq = 2— G/Z, ,8,:.1 = Fi,I/Z.

Boundary values are obtained from the conditions (4): ¢;y, = 0 (0 < i < N;). These values are necessary for backward
sweep method executing. We compute ¢; ; (0 < i < Ny, 0 < j < N,), assuming formulae (15), (18).

We find missing approximate concentration values ¢; ; for i = 0 and i = Ny, 0 < j < N,. We obtain &, ; = (4¢,; — ¢, ;)/3,
from boundary conditions (5) (d,c|,, =0) and approximation (12). Similarly, we have ¢y, j = (4¢y,-1,; — En,—2,)/3,
according to the first condition in (5) d,c(t, L,z) = 0.

We may propose another method for computing using an additional (fictitious) node, similar to r radius sweeping section.

Then, the boundary concentration values (for i = 0) will be searched during z variable sweep, and values F"OJ- will be
determined, formally assuming, that we will have nodes ¢_, ; (¢_1; = ¢5).

The criterion of hydrogen balance control is used for calculation errors monitoring:

t. To t L H (L
[—DJ- d,clo 27Trdr]dt—f [—Df d,c|y 2nr dr]dt =f f c(t,r,z)2nrdrdz = Q.
0 0 0 0 0o Jo

There is the difference between the number of hydrogen atoms dissolved in the membrane on the inlet surface through defect
of a coating and the number of hydrogen atoms that left the membrane from the outlet surface is in the left side of the formula,
the number of hydrogen inside the membrane is in the right side of the formula. Technically, other checking time points could
be taken instead of t,. The input and outward fluxes can be denoted by

L
d,c(t,r,0)2nrdr, Jy(t)=-D f 0,c(t,r,H) 2nr dr.
0

To

B©=-D [
0
We monitor disbalance (relating to “measurements in outlet”) at the 1 percent level in software support:

7 Jo(®dt = [ Ju(t) dt — Q
Jy" Ju() dt

Richardson extrapolation was used to improve the accuracy of the calculations C (¢, 7,2) = (4cp,/2(t,7,2) — ¢4, (t,7,2))/3
(see [11] for example). The method of a grid condensation (adaptive grid [12]) was used for experiments with radius of
defect ry «< L.

< 0.01.

I\VV.NUMERICAL SIMULATION

A. Dimensionless Form of the Boundary-value Problem

To present the results of numerical simulation we pass to dimensionless variables, using values intrinsic for this problem:
u=c/cy, p=r1/L,{=2z/H, = (D/L*>)t. The value of L?/D is treated as the characteristic time of the concentration
stabilization due to diffusion. In the areas with length-scale parameters comparable to L (on vertical direction, z-direction)
diffusion is faster for H ~ L, due to vacuum from the outlet side). Denoting the additional p, = r,/L < 1, R = L/H, we get a
dimensionless boundary-value problem:

du 10 0u +R262u c (01
aT_pap(pap) aqzl p!( (’)’
u(r,p,0) =1, p €[0,p0],T >0,

d

P D=0 pEpullT20
u(t,p,1) =0, p €[0,1],T =0,

Ou 1,0)=0 Ou +0,0) =0

ap (T; l() — Y, ap (TI '{) - Y
u0,0,0)=0,  pe01],e[o0l].

Varying parameters are R > 0 and p, € (0,1). Formally, we obtained a diffusion equation in anisotropic environment: D, = 1,
D; = R?. The smaller H (the thinner the membrane) is, the faster the diffusion in the {-direction (on the z axis). Coefficient D¢
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represents the ratio of the cylindrical membrane geometric characteristics. During the “time” t the significant “length” in p
direction is v/7, and in ¢ direction is Rv/T. Steady-state (d,u ~ 0) is determined by the value T, = (D/L?)t,.

Let us introduce a dimensionless, average (on the base of the m square) outward flux
1

UG 1[ 22 anpd
) =—— — np dp.
2), ol 2

The function U(7) increases monotonically approaching asymptotically a steady-state value U, = U(z,). If a protective coating
is absent (formally consider p, = 1), we have a maximum of U, = R? (Opu =0, dzul,, = —1).

The original averaged flux can be represented by

_J(®) D¢y

Tou
1) ==5 =22V (@ (= DL7?0), V() =R = —zf

| P
a{ =1
The value of Dcy/H is the permeation steady-state flux density for a membrane without protective coating (p, = 1).

Consequently, the number V(DL™2t) € (0,1) is a fraction of I(¢) in the highest possible density of the output flux Dc,/H.
Letting p, = 1 we have a maximum V, = 1.

=5 dp.

To be specific, the range for the diffusion coefficient is fixed as D: 1078 — 1075 cm?/s. We will consider cylindrical
membrane dimension as comparable with a coin (the barrier of a local industrial pipeline). We’ll focus on these parameters
values: p, = {1/50,2/50, ...,1/5}, R = {1/3,1/2,7/10,1,3/2,3,5,7,10}.

There is little doubt that the coating is actually protective for larger values of p,. During the initial steps at the time when
the amount of dissolved hydrogen inside the membrane is small to negligible, but the hydrogen concentration in the near-
surface bulk under coating defect has already reached u(p,0) = 1 (p < py), there is a jump-like concentration discontinuity in
the nodes near the defect. Hydrogen concentration under the defect of protective coating increases gradually but relatively
quickly to smooth this initial dramatic increase when we solve this dimensionless problem. It corresponds to the physical
estimates and is only formalized in the model by the initial hydrogen concentration sudden change. Numerical experiment is
carried out with a small step At (At of the order of seconds — during this time, nothing noticeable will happen in the “coin”).
Defining u(4t, p,0) = 1073, u(247,p,0) = 1072, u(341,p,0) = 1071, u(441,p,0) = 1/2, and u(541,p,0) =1, p < p,,
during five steps we reach the level of u = 1 under the defect. Formally, the start time point of the experiment is shifted for
monitoring hydrogen balance: 0 — 54r.

Output parameters of the computing experiment are the values of z,, t,, U, (V,), where 7, is the delay time, calculated by

To =T — S(T*)['S(T*)]_l =Ty — S(T*)U_l(’[*), S(T) = JTU (T) dr
0

(S = dS/dr). In the original time we obtain t, = t, — fot* J(®)dt/J(t.). Geometrically this is the point of intersection of the

axis t with asymptotes of the graph of the function Q(t) = fot J (t)dt (the number of permeating through membrane of
hydrogen atoms). The accuracy of calculation of 7,(t,) increases with increasing 7, (t,) taking into account the asymptotic
behavior of the stabilized mode permeation flux. The time of permeation flux stabilization, the value of the steady-state flux
and the delay time are experimentally registered data. These values serve as the input information for the inverse problem of
kinetic parameters estimation of hydrogen permeability by measurements (see, e.g. [13, 14] (p, = 1)). In this paper, the direct
problem is solved, to reveal qualitative dependencies of these values on parameters of the model.

B. Criteria of Stop and Their Testing

The following two conditions are used for a criterion of stop:

{U(t) > a(poR)?} A {[U(Tn) — U(7-n)IR7* < &}

Here the first condition is necessary to exclude stopping at the beginning of the experiment, when the output flux is very small.
The reference values are the max U, = R? (p, = 1) and proportionality of U, in linear approximation of the defect square
(< p2). The coefficient a is an empirical one, we used the value a = 1/30 for fixing the range of model parameters. The
second condition is triggered when the flux change is relatively insufficient during detectable time of a real experiment (for
example, t, — t,_; ~ 10 min.). Another possible criterion of stop is: {U(z,) < 0} A {[U(t,) — U(t,—7)]/[CR?] < €}. In this
case, the first condition takes into account the fact that the flux graphics have a flex point: the curve is convex at the beginning
of the experiment, and it becomes concave approaching steady state.

Numerical experiments were carried out for a variety of C: C; = p2 (in Fig. 1 stop moments for different ¢ are denoted o),
C, =U(tp_) (M in Fig. 1), C3 = t, — T,_; (A in Fig. 1). The results of variation of R and p, showed that condition for the
limitation of the output flux “derivative” works better (A). For the following calculations we used values C = C; and ¢ = 1073,
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Additionally, calculation checking was carried out for p, = 1, and his case corresponds to a membrane without a protective
coating. Investigation of hydrogen permeability of a stationary plate allows analytic solution for the considered model.
Calculations confirmed that concentration is u(zt,p,{) = 1 — { (r = t,) and the delay time through the plate of thickness ¢ is
equal to #2/[6D] [1], and it is 1/[6R?] under our notation. In addition, we checked asymptotic U, — R? for p, — 1.

C. Discussion of Computer Simulation

Figs. 2-8 present the results of numerical simulation with for different values of R and p,. The results of a computational
experiment in dimensionless form are three main characteristics: 7,,7,, U, (V, = R72U,). By default, the sequence of the
recording of values corresponds to descending maximums. The curve for R = 1.5 is indicated by a dotted line. “Interfluve
value” R = 1.5 is rather nominal. It should suggest relatively small and large R at a qualitative level. Translation to the original
variables is defined by values D, L. Weak dependence of dimensionless characteristics 7., T, on the radius of the defect is
observed in Figs. 2 and 3. We restrict the discussion to the case of p, < 0.2, because this is the adopted border when coating is
really protective. Extremum of functions t.(p,), To(po) is observed for R < 1.5 (derivative sign changes, in Figs. 4 and 5).
This is caused by the growing influence of the boundary conditions (insulated lateral surface). Functions z,(p,), To(po) for
R = 1.5 are monotonic. The rate of stationary value change U, for variation of R and p, can be estimated in Figs. 6 and 8.

At a qualitative level, we obtained the following results focusing on an “ideal” experimental error under 10% and not
distinguishing output model fluxes under 1%. The influence of the boundary conditions with r = L on stationary permeation
flux is insignificant for R = L/H > 3, p, < 0.2, this membrane may be considered as a plate (L — +o0) (see Fig. 8). This
corresponds to the findings in [7, 9]. Consequently, analytical methods of research are useable for R > 3. Practically, it is
possible to estimate when permeation flux is proportional to the number of defects (their density). In addition, the developed
software allows to analyze spatial distribution of hydrogen in the membrane at any points of time (Figs. 9 and 10).

r

R 1 1
— Lo n
P = rp/L R=L/H

04

Fig. 1 Criterion of stop: R = 5, p, = 0.08 (D = 1077) Fig. 2 Flux stabilization time

Fig. 3 Delay time Fig. 4 Rate of 7, change (R < 1.5)
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V. MODEL WITH BULK DESORPTION

Now, we focus on the model that takes into account the dynamics of surface processes. We shall not consider a multistage
process of hydrogen permeability in detail, due to limited amount of experimental information. We consider only integral
parameters. The boundary conditions (2), (4) are substituted by the following

dc
usp — bc?(t,r,0)= =D —| , re[0,7], (20)
0z z=0
dc
bc?(t,r,H)y= —D—| , r€[0,L], (21)
0z z=H

L
J(®) =f bc?(t,r,H) 2nr dr.
0

In the above equations, b is a coefficient of bulk desorption (effective recombination [6, 15]), u is a Kinetic constant, p is the
molecular hydrogen pressure, and s is a coefficient of hydrogen adhesion to the surface. Within the scope of a gas kinetic
theory, up is particles flux density (in this case, molecule) encountering with the surface. Only a small number of hydrogen
atoms (“incident” particles in the form of H, molecules) dissolve inside the membrane (s « 1). Formally, the coefficient s
generally presents the multistage process including adsorption, dissociation of H, molecules to atoms and dissolution. In the
context of inverse problems of model parametric identification it is possible to go into detail, if necessary. Additionally, the
inlet and outlet surfaces may have different properties, they are easily taken into account in the course of modelling: b = b, at
z=0and b = b, at z = H (see asymptotics in [16]). The hydrid phases development and disintegration are more difficult to
be taken into account (see [17]), if these processes are important. In the paper we focus on relatively homogeneous materials.
Vacuum is created at the outlet of the membrane, so resorption (item us,p,) in (21) is ignored. Output desorption flux is
counted by atoms ([J] = 1/c). In equilibrium state the condition (20) (d,c = 0) becomes usp = bc?, that is Sievert’s law.

The boundary conditions (20), (21) should be read as flux balance: usp is the input hydrogen atoms flux density; bc? is the
desorption density (generalized process, which includes the output of atoms on the surface and their recombination to
molecules); and —Dd,c are the densities of the diffusion inward and outward fluxes. Let the temperature be constant, it is
technically easy to modify the computational algorithm in terms of T = T(t), using Arrhenius dependencies on, for example,
D(T) = Dyexp { — Ep/[RT]} (R is absolute gas constant, E is activation energy). It is assumed that the heating is rather slow
to consider it uniform when Fick‘s law remains valid with modification D = D(t) = D(T(t)). Kinetic constant u weakly

depends on temperature (u « 1/+/T), this dependence may be formally included in s(T). The value is used in numerical
experiments u = 1.46 - 102 cm™2s~1Torr 1.

Numerical simulation makes it possible to estimate how fast the defect concentration under protective coating is stabilized
in scale duration time t, (outward flux stabilization), and how the concentration c(t,,r,0) differs from the equilibrium
concentration level ¢. In addition, information about sensitivity of J(t) to variations in diffusion coefficient and surface
processes (“derivatives” on D, b, s) is of special interest.

We will now explain the basic algorithm modifications.
A. Counter-Sweep Method

Consider the transition from the (k + 1/2)-th to the (k + 1)-th layer, sophistication of the algorithm is caused mainly by
finding the boundary concentrations c;, (i < i), ¢;y,. Differential ratio inside the membrane remains the same. We will
search approximate values of concentration for three point difference Egs. (14), (17), in the following form (1 < i < iy, k = 0):

Cij = @ijr1Cijrr + Bijer T Vije1Cor 0<J < Ny;
Cij =@ j1Cijor+Bijo1+Pijor Ciny 0<j< Ny,
focusing on the idea of the counter-sweep method [10]. The sweep coefficients are
Qpjer = (G — ;)7 @ j1 = Ainy—(j-1))
Bij+1 = (Bij + Fi,j)ai,j+1'.éi,j—1 = (.éi,j +FE )& 1,
Yij+1 = Vi,jai,j+1'?i,j—1 =YinN,-(-1)-

The benefit of this variation of a sweep method is in fact that initial sweep coefficients are readily determined
@iy = Pi1 = Pin,—1 = 0,71 = 1. Inthe notations A = a; y,_, — 4,

A=3 +a;nA B=pin,_1+Bin,A
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B=p1+Piod G=Vin,—1 +Vin,A
we obtain the approximation of conditions (20), (21) with an accuracy up to 0 (h2):
{thD-lb %y + A¢iy + Gé;y, + B — 2n,D " usp = 0,
2h,D7'b éfy, + Aéiy, + Géio + B = 0.
The system of equations has a unique solution ¢;, > 0, ¢; 5, > 0, at any rate for small h,. ~ h, (comparable by the order).

We have to obtain the values of ¢; ; for i = 0, i > iy, 0 < j < N,. The changes will affect the boundary z = H. The
differential Eq. (17) is executed inside the membrane as before. Sweeping coefficients are determined by (19) as in the
diffusion model above. Modification appears after running the forward sweep pass. We approximate (21) with accuracy to
0(h?) (f’2 ~ [fo — 4f1 + 3f2]/[2h]) and use (18) to find ¢; v, :

2h,bD7V¢Ey, + Aliy, + B =0, iy <i<N.

Quadratic equation roots have different signs at small h,. ~ h,. Physically, the root is chosen positive. Then we determine
values ¢; j (i = 0 and i = N, 0 < j < N,) according to conditions d,.c|,, = 0 (approximations on the three-point stencil).

During the transition from the k-th to the (k + 1/2)-th layer on t the boundary values of ¢;o, C;n, (0 < i < N;) are
calculated as the positive roots of the quadratic equation obtained after substitution in (20), (21) approximations

0,61, ~ —Cip +4Ciq — 3Cip 0.cl Cinyg—2 — 4Cin,—1 + 3Cin,
zblz=0 ~ ’ z“lH ~ ’
2h, 2h,

where ¢; 1, Ci2, Cin,-1, Cin,—2 are known from the results of r radius sweep. The values of ¢; ; (0 < j < N,) are obtained from
the relations specified above. Inside the membrane and on boundaries » = 0, r = L, everything remains as in the base model.

(22)

B. Iterative Method

The derivative is approximated by 9,c(ty41,7,0) = [=3C;0 + 461 — &;2]1/[2h,] on the (k + 1)-th layer taken with
respect to time. Substituting z = 0 in the boundary condition (20), we find ¢;, = f,(¢; 1, ¢; ) as a positive root of the quadratic
equation. Similarly, concentrations ¢; y, = fy,(€in,-1,Cin,~2) are defined as a positive root of the quadratic equation,
approximating the condition (21) (z = H). Values ¢; 4, €; 2, & n,-1, Cin,—2 are preliminarily calculated by an explicit difference
scheme approximating the equation of diffusion (1). We used a standard explicit two-layer four-pointed stencil [2]. With the
current ¢; o, & n,, We solve the tridiagonal system of linear algebraic equations using the sweep method on the z-variable
direction, and we find new concentrations approximation ¢; ;, ¢; 2, €; n,~1, €in,—2 (@nd other values of ¢; ; for j = 3, ..., N, — 3,
i=0,...,i). We solve quadratic equations relative to ¢;,, ¢; v, again and repeat the calculations as long as the boundary
values are stabilized (usually 23 iterations are enough). Finding approximations of ¢; ; for i > i, is described above. Then we
move to the next layer taken with respect to time.

C. Discussion of Simulation Results

R R R D L - -
Let us pass to dimensionless variables: u==, p==,{ ==, T=—t, R ==, p, == Concentration c,, ¢, < ¢ for
0
po = 1 can be taken as a normalizing concentration. However, we accept ¢, = ¢ (u < 1), having the extensive “equilibrium”

reference information about metals and alloys available. For the purpose of the model we have ¢ = ,/usp/b. Conditions (20),
(21) can be written in the form

P du
pbu®(t,p,0) = BT , P €[0,p0], (23)
g=0
~ Ju
bu*(t,p,1) =——=| , p€[01], (24)
ocl,_,
B_bCoH . . _ uH o
= D » P = USp, “_DCO’ Co = C.

The pressure p of molecular hydrogen on the input surface is constant. The coefficient b is equal to the ratio of b¢? (local
desorption density when concentration is close to equilibrium ¢) to D¢/H (density of permeation flux in the diffusion regime,
whencly =0, py = 1, t > t,). Meanwhile, the outlet flux (usp) is normalized by value D¢/H. For equilibrium state we have
usp = bé?, hence b = p. We denote this parametric variable b by W. We obtain in the present model
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W = HbD™'S\[p (H\/[pFD~' = L\/pF[RD]™),
where F = \/bus, S = \/us/b is dissolution (¢ = S,/p).

W is called a transporting parameter when protective coating is absent (p, = 1) [6]: if W > 1 diffusion limits permeation
(diffusion limited regime — DLR), and the asymptotic condition W <« 1 corresponds to the SLR (surface limited regime). The
transitory area is estimated within W € (10~2,10%). For the problem under consideration when hydrogen permeates through a
defect of the protective coating (p, < 1) we have three independent parameters R, p,, and W. The value of R? serves as a
“diffusion coefficient” in the  direction, and W parametrizes the left parts of the boundary conditions (23), (24): u € (0,1),
W1 —u%(z, p,0)], Wu?(z,p, 1).

Formally, hydrogen adsorption by the membrane stops at u = 1. Concentration c is less than equilibrium concentration ¢
due to vacuum: resorption is ignored at the boundary condition (24). Inward “diffusion” flux Rzagu (z = 0) can be significant
for u ~ 1 and R?0;u =~ 0, due to R > 1. For fixed value of R (excluding variants R < 1/ R > 1 when permeability is
practically non-existent or the plate is infinite) asymptotic accordance of W — 0, W — oo to regimes SLR, DLR is valid. It
should be noted that small W value (due to bs << 1) may correspond to large dissolution value (S o \/s/_b).

To be specific, we focus on the following parameter ranges for numerical simulation: p € [0.1,10] Torr, H € [0.01,0.5] cm,
D €[1078,1075] cm’s™, s € [1078,1073], b € [10725,107*4] cm*s™ (L = RH, ¢ = \/uspb~1).

We obtain in terms of dimensionless variables
L Dé L
J() = f bc?(t,r,H) 2nr dr = 7 L2V (1), V(1) = ZJ- bu?(z,p, Dp dp.
0 0

The value V formally means the permeation flux fraction of DéH 1 L? (stationary flux value in case of the protective coating
absence (rp, = L) and ¢ = ¢ (z = 0), = 0 (z = H)).

Input parameters are R, p,, b for the dimensionless problem. As a criterion of stop we assume the following condition

{V(Tn) < O} A {X_l[V(Tn) - V(Tn—ﬁ)] [Tn - Tn—ﬁ]_1 < g}_

Here the value t,, — t,,_; corresponds to the order of 10 minutes of real experimental time ¢, e = 10~3. For the problem with
bulk desorption the standardizing value V.| ,,—, is equal to X, which is the solution to the equation (\/p — X — b'/2X)? = X.
Indeed, this formula is obtained from boundary conditions (23) and (24) for p, = 1, assuming time derivative equals to zero in
the diffusion equation. Here variable X = —d;u (r = 7,) is equal to max V (z,) = V. (po = 1). In more detail, we find the
value of normalization X in the following way. Stationary distribution is linear: u,({) = A{ + B (d,u = 0, 9,u = 0= 02 =0)
for po = 1. We obtain V, = —d,u, = —A, using (24) and the definition of V(). The boundary conditions for p, = 1,7 > 7,
give p — bB? =V, [V, + B]? = V,. Excluding B, we obtain the equation (,/pV. — b/?V,)? = V. This equation has the only
solutionV, =X€ (0,1)) B=u,(0)<1,u, (1) >0=>V,=—A<B<1).

Now we pass to the results of computational experiments. The difference scheme was presented in physical terms, but the
scheme (not only experimental results) can be rewritten in the adopted dimensionless units. Figs. 11 and 12 show the influence
of the membrane geometric characteristics (defect and membrane sizes) on the experimental output parameters. The sequence
of values listing corresponds to the descending maximums in presented figures. In our numerical simulation we used the
following values of parameters: b = 1072* cm*s, H = 0.1 cm, D = 107¢ cm®/s, s = 1078, p = 10 Torr. Here we have
t =L*D"1t = R?H?D 't = 1 =t/[10*R?].
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g o= \
Fig. 11 Stabilization and delay times Fig. 12 Steady state permeation flux, Rp, = const
V1. MODEL WITH SURFACE DESORPTION
Boundary conditions (2), (4) substitute the following
0o by +02] | repo (25)
—— = usp — T — , r 7o),
at u p qO aZ 0 [ 0]
aqy dc
= _pg3(t,r)D—| , relo,L], 26
50 = “bahEPD| |, reol] (26)

c(t,r,0) = gqo(t,r), c(t,r,H) = gqu(t,7),
L
Go=qn=0(t=0), J(t) = f bai (t,r) 2mr dr.
0

Here q,, q are the surface concentrations on the inlet and outlet surfaces, [q] = 1/cm?; g is a coefficient of concordance
between the hydrogen atoms concentration in the near-surface bulk and on the surface (a coefficient of fast dissolution,
[g] = 1/cm); and b is a coefficient of surface desorption, [b] = cm?/c. The diffusion and desorption parameters dependence
on temperature T we consider by law of Arrenius are D = Dy exp { — Ep/[RT]}, b = by exp { — E},/[RT]}. Other dependences
on T are assumed, if necessary. Temperature dependence of the variable u is formally taken into account in the
coefficient s(T). It is not important in what follows because the temperature is constant during the experiment performed by
the permeability method.

The meaning of s (without getting involved in the details) is the following: usp is the hydrogen atoms flux density where
mobile atoms are trapped on the surface. Boundary conditions (25), (26) mean adsorption, desorption and diffusion flux
disbalance is due to hydrogen atom accumulating on the surface. Vacuum system is powerful enough to ignore resorption at
the outlet (in condition (26)). A more accurate model of “surface-bulk’’ is

k+(T)C0,H[1 - qo,qu;l%iX]_k_(T)[l - CO,HCI;IéX] = $D(T)azc|o,H-

Both hydrogen flux from the bulk to the surface and flux caused by hydrogen dissolution in the bulk are proportional to
concentrations with regard to “vacant spac”. However, we obtain the condition of relatively fast solubility cqy = gqou.
g = k™ /k* when diffusion is much slower (not at low temperatures) and concentrations are small. If the surface is isotropic
(i.e. meaning E,- = E;+), then the parameter g weakly depends on T. Surface and near-surface bulk concentrations
proportionally “monitor” one another. Dynamic boundary conditions (25), (26) allow to take into account and estimate storage
effect of hydrogen atoms on the surface. These conditions are agreed (in the classical context) with zero initial data c(0,7,2) =
0 (ast = +0). However, it should be borne in mind that generally, d.q,(0,7) = usp » 1 (depending on the material, the
temperature and inlet pressure).

The model hierarchy is that we derive the boundary conditions (20), (21) from slight accumulation of 8,4, 5 on the surface.
Values of surface and bulk desorption coefficients (denoted by the same symbol and distinguished by the context) are assumed
to be agreed: bgy ¢ = g2bye (bq% = bc?, ¢ = gq).

A. Algorithm of Numerical Solution

-93-
DOI: 10.5963/AMSA0302005



Advances in Materials Science and Applications Jun. 2014, Vol. 3 Iss. 2, PP. 82-96

Counter-sweep method. Let us consider the calculation of the near-surface concentrations ¢; ¢, &; v,, i < iy. To maintain the
order of approximation to 0(z2 + h2), we use the scheme with weights

Cio — Cip _ A =192 A 142
=g = olusp — b(é0g™)? 4 DO,Ei0] + (1= 0)lsp — b(ciog ™)? + Dd,ciol,
éi,Nz —Cin,
gt
for conditions (1), (2) assuming o = 1/2. Here T is a step at time t; and derivatives d,c;,, d,c;y, are approximated
expressions, similar to (22). As in the modification of the model for the bulk desorption (saving denotes A, B, B, G), finding of
Ci0, Cin, IS reduced to solving the quadratic equations system:

= o[-b(Cin,9™)? = D0,¢n,]1 + (1 = 0)[=b(cin,g ") — DOycin, ]

(b, DA 2\, DG, DB

? Cio + <2—hz+a>ci'0 +2—hzci_N2 +2—hz+ ;=0
b, DA 2\ DG . DB

t? Cin, (—th + —) Cin, + —th Cio + —th +C, =0,

where C; = bg=2cfy — 2(g1) ¢y — D,ci0 — 2usp, C, = bg~2cly, — 2(97) ey, + DOycyy, -

Iteration method. The scheme with the weighting coefficients (¢ = 1/2, the order of approximation to 0(z? + h2)) is used
for the boundary conditions (1), (2):

Cio— Ci o i o )
l,(()) STgL,O = OS[MSP - b(Cilog 1)2 + Dazci.O] + 05[11517 — b(ci,og 1)2 + Dazci,o];
Cin, = Cin . . o )
2 8 STgL 2= 05[-b(¢in,9™")? — DOyCin,] + 0.5[-b(Cin,g~")? — DO,Cin,]-

The boundary values ¢; , &y, (i < iy) are determined as the positive roots of the quadratic equations

b , (3D 4y,
?Ci,o (Zh +E) Ci‘0+C1 = 0,
Z
b , (3D 4\,
77 &+ (g )+ 2 =0
Z

D . b _, 4 _
G = E (Cip —4C0) + ? Cio— E Cio — D0,Cio — 2usp,

D
— N N -2 - -
G = Z—hz (Ciny—2 = 4Cin,-1) +—5 Cin, T DO,Cin, — a7 CilNe

Values ¢; (123, €, n,—1,n,—2) (in €Xpressions, similar to (22)) are pre-calculated by an explicit difference scheme approximating
diffusion Eq. (1). Tridiagonal system of linear algebraic equations is solved with the current approximate values ¢;,, ¢; v,
using a sweep method, and new approximate values ¢; 3, ¢; (n,—1,v,-2) (@nd the other values ¢;;, j =3,..,N, =3, i =
0, ..., 1) are determined. We solve the quadratic equations in ¢; , ¢; v, again and repeat the calculation, until boundary values
are stabilized (usually 2-3 iterations are enough). To find boundary concentrations ¢; , for i > i,, we approximate (2) with the
accuracy to 0(t? + h2) and use sweep coefficients determined by direct sweep when condition (3) operates:

bg~2¢ely, + [D(2h,)*A+2(tg) 1éin, + B =0,
A=3+ayd A=apy, -4
B = —2¢;,(tg) " + D(Bin,-1 + Bin,A)(2h,) 71
Roots of the quadratic equation have different signs for small h,, T, physically, thus we select a positive root. Calculated

approximation c,(t,r,H) in the model (1)-(5); concentration c(t,r, H) for boundary conditions (23), (24) and surface
concentration gy (t, r) for the model modification (25), (26) provide a way to approximately calculate the permeation flux j(t).

B. Numerical Modelling Results
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We may pass to the dimensionless problem, as it was done above. However, the introduction of an additional parameter g
does not reduce the number of independent numeric hydrogen permeability characteristics. In addition, it becomes more
difficult to “return” to regularities, as observed in a real experiment. Hence we illustrate the model using physical units of
measurement, focusing on the influence of surface processes parameters on the output flux (“derivatives” J to b, g, s). The
following value specifies transport parameter estimation

W = HD b,,,¢ = HD 'g~2bc = H[Dg] *\Juspb (¢ = g/uspb=1,py = 1).

General geometric values of parameters: L=1 cm, H=1/3 c¢cm, r, = 0.1 cm were fixed for presented computing
experiments (Fig. 13-16). It should be noted that, the flux decreases with increasing b, because desorption on the inlet surface
predetermines hydrogen permeability to a greater extent (decreases the equilibrium level of concentration ¢).

Interesting effect is visible on Fig. 16. Steady state establishment time t, decreases monotonically as the diffusion
coefficient D (1077—107°) increases. In this case, stabilized flux level J, increases at first and then decreases, because
hydrogen atoms come up to the lateral isolated surface faster, get “reflexed” and thus increase concentration, simultaneously
decreasing gradient (|d,c|) and diffusion flux.

Fig. 15 Effect of an adhesion coefficient Fig. 16 Effect of a diffusion coefficient

VII. CONCLUSION

The paper presents the hydrogen permeability models of a cylindrical membrane made of a structural material in the
presence of protective coating defect on the inlet surface. We take as the basis model the one with local equilibrium gaseous
and dissolved under defect hydrogen when diffusion is the only limiting factor. Further hierarchy of the models consists in
sequential accounting adsorption-desorption processes dynamics which results in non-linear and dynamic boundary conditions.
Limit transition is valid: with reduction of hydrogen atoms accumulation on the surface, and with increase of desorption
coefficient and inlet pressure, the model with nonlinear dynamic boundary conditions becomes a basic model.

Iterative computational algorithm to simulate outward hydrogen permeability flux is presented. The algorithm is based on
implicit difference schemes. Qualitative regularities of the experimentally registered characteristics are identified (stationary
flux level, stabilization and delay times) depending on the membrane geometric characteristics and on physical parameters

-95-
DOI: 10.5963/AMSA0302005



Advances in Materials Science and Applications Jun. 2014, Vol. 3 Iss. 2, PP. 82-96

of hydrogen transfer into a constructional material. The influence of parameter variations on hydrogen permeability flux
dynamics is illustrated.

The conditions under which the permeation flux is “insensitive” to boundary conditions are specified. Then the flux is
proportional to the number of defects. This saves the cost of additional experiments. Interesting effect is detected: the time
until steady state establishment decreases monotonically as the diffusion coefficient increases, but the stabilized flux level
increases at first and then decreases. The described nonlinear effects should be taken into account when processing the
experimental curves in order to identify the limiting factors and estimate the parameters. The results of numerical simulation
provide a way to evaluate the distribution of the hydrogen concentration inside the membrane. These factors give information
on the possible ways of treating the material (pre-training surface, various additives inside).
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