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Abstract-This work aimed to study isocurvature surfaces of Earth’s normal gravity field and their relation to partial derivatives of a
plumb line curvature. An isocurvature surface of a gravity field is a surface along which the value of the plumb line curvature is
constant. The normal gravity field is a symmetrical gravity field; therefore, isocurvature surfaces are surfaces of revolution. To
study an isocurvature surface, special assumptions are made to form a vector equation, which will hold only for a small coordinate
patch of the isocurvature surface. The gradient of a normal plumb line curvature is vertical to the isocurvature surface pointing to
the direction along which the curvature of the plumb line decreases or increases the most. In order to show the significance of
isocurvature surfaces, it was shown that it is possible to determine the value of the surface derivative of a plumb line’s curvature
without differentiating the original complicated function of a plumb line curvature.

Keywords- Plumb Lines; Curvature; Normal Gravity Field; Plumbline Curvature; Isocurvature Surface

. INTRODUCTION

In Physical Geodesy and when studying vector fields in general, scientists define geometrical objects related to invariant
quantities of the vector field of their respective interest. To illustrate these concepts as they apply to geodesy, [1] and [2], for
instance, presented three characteristic examples: isozenithal lines, equipotential surfaces, and equigravitational surfaces.
Specifically, along isozenithal lines, the angle between the gravity vector and the equatorial plane is constant, while on an
equipotential surface, it is the gravity potential that is constant. On an isogravitational surface, the modulus of gravity vector is
constant. All of these quantities, which remain constant on these geometrical objects, are also invariant quantities. Another
important invariant quantity related to the gravity field is the plumb line curvature. Isocurvature lines were defined by [3]. As a
theoretical application, two different families of normal isocurvature lines were studied: on a meridian plane and on a parallel
plane. In this work, normal isocurvature surfaces were studied. Earth’s normal gravity field, with its rotational symmetry,
simplified the desirable equations for this study. The first step in this study involved the determination of a suitable coordinate
system for the local parameterization of the isocurvature surface around a chosen point P. This was required to show that the
isocurvature surface’s parametric lines were also lines of curvature. The second step introduced a suitable function describing
the behavior of the plumb line curvature function in the coordinate patch of the isocurvature surface. In the third step, the
vector equation of the isocurvature surface was formulated and its fundamental quantities, which are related to the Gauss
curvature, were determined. Finally, we describe an algebraic method for the determination of the surface derivative (along the
North — South direction) of the plumb line curvature was determined without differentiating the complicated function of plumb
line curvature.

Il. METHODOLOGY

Consider a Cartesian equatorial system (X, Y, Z) whose origin is situated at Earth’s center of mass. The Z-axis is Earth’s
mean axis of rotation, the X-axis is the intersection of the meridian plane of Greenwich, and the equator’s plane and the Y-axis
make the system right-handed. If k(X, Y, Z) is the function for the plumb line curvature, then an isocurvature surface of
curvature value k0 can be described by the following equation:

K(X,Y,Z) =k, @)

Due to the rotational symmetry of the normal gravity field, the isocurvature surfaces are surfaces of revolution. The plumb
line curvature is a complicated function, which contains first- and second- order partial derivatives of the normal potential.
This makes it difficult to use it for the study of an isocurvature surface of a given value of plumb line curvature k. To overcome

this difficulty and to form a simple vector equation for the isocurvature surface, in previous work, [3] defined the function kla :
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2 2
‘Clyl + CZhl + C3 + C7 yl + C8y1hl + C9h1 ‘

kla (y1’ hl) = 2

3
C4 [1+ 2(C5 yl + C6hl + ClOyl2 + Cllylhl + C12hl2 )]A

and provided full expressions for the coefficients ¢; (i = 1,2,...,12). Eq. (2) involves two local Cartesian systems (x, y, h) and
(X1, Y1, hy). Let P be a point above the ellipsoid and Q is its projection to the ellipsoid along the vertical line to the ellipsoid
passing through point P. The first is centered at point Q, the x-axis is tangent to the local parallel positive to the east, the y-axis
is tangent to the local meridian positive to the north, and the h-axis is the vertical line to the ellipsoid passing through the point
of interest P. The second system (xy, Y1, hy) is a parallel transport of the previous one and its center is at point P.

Let D be the interior of a circle on the meridian plane of P, which has its center at point P and radius ¢ = / m. The equation

for this circle is:
yl2 i h12 _ 52 (3)
With Eqg. (2), it is now possible to determine the curvature of a plumb line passing through an arbitrary point Q in set D at a

specific point. The intersection between the meridian plane of P and the isocurvature surface passing through the same point is
an isocurvature line. This isocurvature line in set D has an equation of the form:

kla (yl’ hl) = kla (P) (4)
From the initial value theorem there exists a function
ais(yl) = hl(yl) or ais(y) = h(y) ®)

that describes the isocurvature line in set D. This allows a vector equation to be formed for a coordinate patch of the
isocurvature surface passing through P. If (p, A) represent the geodetic latitude and the geodetic longitude, then a
parameterization of the isocurvature surface is:

S(¥, ) = (X (¥, A), Y (Y, A), Z (¥, 2) ®)
and
X (Y, 24) = (pr, o 5)(¥, 2) = ((N +h(y)) cos ¢ cos 2 —sin g, - (y c0s 2) +c0s g, - (c0s A - h(y))
Y (y,A)=(pr,oS)(y,4) =((N +h(y))cos @, sin A —sing, - (ysin 1) +cos g, - (sin 1 -h(y)) 7a)
_ b? . .
Z(y,2)=(pr;°5)(y,4) = (;(N +h(y))sin g, +cos g, -y +sing, -h(y))
where [4]
b r2 2 2
N zN(¢p)=k2(P)=¥(1+e COS” ¢,)? (7b)
is the normal radius of the curvature of the ellipsoid taken in the direction of the prime vertical and
2 2
o E_Na'-b" (7¢)

b b

In the remainder of the paper, in order to be more concise, the letter “k” will be used instead of the symbol “k;,” when the
partial derivatives of the plumb line curvature are used.

1. STUDY OF THE ISOCURVATURE SURFACES

The intersection of a family of isocurvature surfaces and a meridian plane are plane curves that are isocurvature lines. The
normal plumb lines on the equatorial plane are straight lines, and the plumb line that is vertical to the North Pole is also a
straight line. Therefore, as the value of the plumb line curvature tends to zero, the isocurvature surfaces tend asymptotically to
the equatorial plane and the Z — axis, as depicted in Fig. 1.
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Fig. 1 The isocurvature lines of the normal gravity field on the meridian plane

The parameterization of an isocurvature surface has two variables, one linear (y) and one angular (4). The quantities of the
first fundamental forms are given by the following expressions:

_ _ 2
E:<6_s’8_s>:1+k_;
oy oy K
F=(§,§>=O
oy OA
05 5 2 2 24in2 4 _ i
G_<a,a>_(N +h(y))“cos” ¢, + y“sin“ @, —(N +h(y))ysin 24,

The normal vector to the surface is:

N(y, 4) = (N, (Y, 4), N, (y, 4), Ny(y, A)) =

Kk
= (—N cos® ¢, cosA + N cosd, sin g, cos/lk—y + Yy COS¢, Sin @, COSA —
h

k k
—ysin® ¢, c:osﬂ,k—y —h(y)cos® ¢, cos A + h(y)k—ycos¢,, sin ¢, cos A,

h h

k
— N cos® ¢, sin A + N cosg, sin g, sinﬂ,k—y+ y COS¢, Sing, Sin A —
h

k Kk
ysin® ¢, sinﬁk—y— h(y)cos® ¢, sin A + h(y)k—ycos¢P sing, sin A,

h h

k
— N cosg, sing, + ysin® g, —h(y)cosg, sing, — N k—ycos2 bo +
h

k _ k,
+ yk_yCOS¢P sin ¢P —h(y)k—ycos ¢P)

h h

For the quantities of the second fundamental form there is:
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2
M :ﬁ(N,%):O (12)

Therefore, since F = M = 0, the parametric lines y = ¢ and A = ¢ are lines of curvature. The curve A = ¢ passing through
point P is an isocurvature line and its equation is h=h(y). Since it is a plane curve its curvature is equal to

_d?h 1

K (13)
d %
y (1+ d% ) ’
y
and the principal curvature k; along this direction is equal to
=K~ k(K k2 + 2K ok Ky = Kik?) w

(k3 +k2)*

In order to find the second principal curvature k, (along the direction y = c), the Meusnier’s theorem is used, leading to the
following expression for ks:

l (NZ +N2)l/2
k, = 2 27172 = (15)
(X2+7Y?) IN|

The first term in (15) describes the curvature of the parallel circle and the second term is the cosine of the angle between
the normal vector and the equatorial plane. Furthermore, because the parametric lines of the isocurvature surfaces are lines of
curvature, then:

L
k=2 (16)
N
=3 (17)
Using Relations (14) and (15), the other two quantities of the second fundamental form can be determined, i.e.
L=k, -E (18)
N =k, G (19)
The Gauss curvature of the isocurvature surface can now be expressed as
3 2 2 2 2y\1/2
kg + 2K,k Ky — Kk NS + NZ) 0)

G (k§+k|3)3/2(X2+Y2)l/2‘N‘

From the study of the isocurvature surfaces it can be seen that it is not possible to write all the above relations in an explicit
form. That is because all these expressions involve the unknown term h(y). However, it is still possible, if it is required, to
carry out the necessary calculations at a specific point of the isocurvature surface by solving equation k(y, h) = ke numerically
for a given y and, hence to find the value of the unknown term h(y) at a specific point of interest.

IV. AN APPLICATION RELATED TO ISOCURVATURE SURFACES

The problem at hand is the following:

Given the geodetic coordinates (¢p, Ap, hp) of a point P on Earth’s physical surface, find the partial derivatives k, and Ky, of
the plumb line curvature at the same point.

The typical procedure to find these partial derivatives [5] is to derivate the plumb lines’ curvature function
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k(P)={U,U,U, +U,U,)+U,U,U, -U, U, -U U, -U, U]+
HU, UL, +UL U, +ULU) -U, U, +U U, +U U] 2

1 (21)
+u, U U, +U, U, +U U, +UU)-U, U, —uxhuh)]j}z.

_ 1
3
U, +U,2+U,.%),2

These partial derivatives are going to be found in a different way. Let Q be the projection of point P on the ellipsoid along
the vertical line to the ellipsoid passing through point P. Since it is restricted close to the ellipsoid, the following formula [6]
for the determination of the plumb line curvature at point P is used:

k(P)= y -{k+{k(k1 - k2)+2g}hp} (21a)
[y — 2(” + yd)h; ] oy

where the quantities of the above formula (principal curvaturesk;, k,, and mean curvature J) are determined at point Q. The
local Cartesian system (X, y, h) for the parameterization of the isocurvature surface passing through point P is centered at point
Q. The x-axis is tangent to the local parallel positive to the east, the y-axis is tangent to the local meridian positive to the north,
and the h-axis is the vertical line to the ellipsoid passing through the point of interest P. Using Eq. (21), is possible to find the
partial derivative k;, at point P, which is equal to:

K (P)=k, = 2@ +1) {k+{k(kl—k2)+2%}hp}+ (22)

[y —2(0® + ¥)h, I°

% oJ
+ k(k, —k )+2—}
[7—2(w2+73)hp]{ Y
and
99 _ ! 23)
o of1)b* 1). 1(b? :
a;b(kJ(Zaz —2j3|n2¢Q +k1[azCOSZ¢Q +sm2¢Qj
b o o2
k, :¥(1+e CoS” ¢,) (24)
b 2 2 %
K, :¥(1+e Cos” &) (25)
1
J = E(kl + kz) (26)
o197 @7)
7 %,
2 HJ
) ay, Cos® ¢, +by,sin® 4, 28)

- \/acosz ¢, +bsin® ¢,

For the determination of normal gravity at equator and at pole (y, and y,, respectively) see [4]. The remaining partial
derivative ky (derivative along North — South direction) at point P will be found with the help of the theory of isocurvature
surfaces. The normal vector to the isocurvature surface at point P is equal to
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_ k
N (P) = (~N cos” ¢, cos 1+ N cos ¢, sin ¢, cos/lk—y— h(0) cos® ¢, cos A +

h

k
-+ h(O)k—ycos @p Sing, COS A,

h

k
—N cos’ g, sin A + N cos g, sin g, sin ﬂk—y— h(0)cos® ¢, sin A + (29)
h

k
-+ h(O)k—ycos P Sing, sin 4,

h
k k
—N cos g, sing, —h(0)cos g, sing, —N k—ycos2 P — h(O)k—ycos2 ép)
h h

where h(0) = hp. The angle @ between the normal vector at point P and the meridian plane is determined by the following
formula:

[N
tan(I)P :ﬁ (30)
N+ N7
From Relation (29) there is
k
‘le + sz‘ =N, +N,? =(N +h), cos g, [cos@, —k—ysin ¢P] (31)
h
_ k
IN,|=(N +h), cosg, 5|n¢P+k—ycos¢P (32)
h
Therefore,
: k,
sing, + —Ccos ¢,
tand, = " =c,| (33)

COS @, —k—ysin Pe
h

When 0 < gp < 90°, the partial derivative k, > 0 tends to zero as ¢p tends to 90°%; hence, ky / K is negative. The denominator
is always positive. Therefore, the change of sign of the nominator results in a change of sign of cp. The relation between the
two partial derivatives is given by the following formula:

K _cpcos¢P—sin¢Pk
Y cOSgp +CpSingy

(34)

For the determination of cp a point Q; = (¢o1, g, 0) is chosen on the ellipsoid that is close to point P. Using Eq. (21) a point
P1 = (pqu, A, he1) is determined such that k(P;) = k(P). This can be done starting from the initial value h” = hp. Then a suitable
value sh " is found such that h's; = hp + 6h” or h'p; = hp — 6h". The coordinates of point P, in (X, Y, Z) system can be found [7]
from the following transformation:

Xg Xo, —sinl, —sing, cosA, CoOS¢, CosA, | O
Yo |=| Yg |*| COSAq, —sing, sind, cosg,sini, | O (35)
Zy Zy 0 COS @y, singy, h'y

The transformation of the Cartesian coordinates of point P; expressed in the (X, Y, Z) system to the local system (x, y, h)
centered at point Q is given by the following:
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Xp, X, —-sin A, Cos A, 0 Xp—Xq
Yo |=| Y1 |=|—SiNgyC0s 4, —sing,sind, cosd, | Yp —Y, (36)
h, h, COS@, COSA,  COSg,sind, sing, | Z, —Z,

Since the difference dp = po1 — pg Was chosen to be small, the vector (0, y;, hp — h;) is assumed to be tangent to the
isocurvature surface at point P. A vertical vector to it is (0, -hp + hy, y;). Using Transformation (35) there is

X, Xo —sind, —sing,cosA, Ccosg,Cos A, 0
Y, |=| Yo |*+]| COSA, —sing,sind, cosg,sinA, | h —h, (37)
Z, Z, 0 Cos ¢, sing, A
However, the vector (X,, Yy, Z,) is collinear with the normal vector of the isocurvature surface at point P; therefore
lco| = % (39)
X, +Y,
From Transformation (37), the absolute value of the parameter cp is determined (remember that pq = ¢p) as follows:
o= |(h1—hp)c?s¢p +Y,singy| )
|(h1 - hP)SIn ¢P — Y, COS ¢P|
or
:+(hl_hP)COS¢P+ylsin¢P (40)

= (h —hy)sing, -y, cos g,

This formula is not valid at points where the normal vector of the isocurvature surface is parallel to the Z-axis because in
that case cp becomes infinite. Hence, the points are excluded at which it holds that

Y1
(hl - hp)

From Eq. (40) cp is determined and then the partial derivative k, is determined from Eq. (34). The final relation is as

follows:
k:CPC°S¢P‘S‘”¢P{ 2"+ 1) {k+[k(kl—k2)+2%}hp}+

=tang, (41)

¥ cosg, +Cpsing, |[y —2(0° + )T

+ y {k(kl - k2)+2ﬂ}}
[y —2(0° + )0, ] oy

Finally, it is worth mentioning that if cp is equal to zero, then the normal vector to the isocurvature surface at point P is
parallel to the meridian plane (see Relations (34) and (29)). In this case Relation (42) becomes

ky:—tan¢P{ e’ +19) {k+{k(kl—k2)+2%}hp}+

(42)

[y —2(0® + ¥)h, I’

+ r {k(kl—k2)+2ﬁ}}
[y —2(@” + 1)h; ] oy

V. CONCLUSIONS

(43)

The sequence of steps required to study the isocurvature surfaces of the normal gravity field were outlined. Along
isocurvature surfaces, the normal plumb line curvature has a constant value. The study of these surfaces is feasible only in
small coordinate patches and for points not too far away from the ellipsoid (points on Earth’s physical surface). That is because
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the function of the plumb line curvature is itself a very complicated function. The vector equation of an isocurvature surface is
characteristic. Two variables were used, one angular (geodetic longitude) and one linear. The geodetic latitude serves only as a
parameter in the vector equation and not as a variable. The advantage of this parameterization is that the parametric lines of the
isocurvature surface are also lines of curvature.

One global significant geometrical property of isocurvature surfaces is that, as the plumb line curvature tends to zero, they
tend asymptotically to the equator’s plane and to the Z-axis. In addition, the normal vector of an isocurvature surface is
collinear with the vector gradk. Finally, a method for the determination of the surface derivative k, of a plumb line’s curvature
was described without differentiating the very complicated function of a plumb line’s curvature. This theoretical application
shows the usefulness of isocurvature surfaces. The study of isocurvature surfaces may reveal new unknown geometrical
properties of the normal gravity field.
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