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Abstract- The use of mathematical models to assess the pollution
level in water bodies is widely accepted by environmental
engineers as well as the managers involved in planning of the
existing water resources. Various one dimensional models that
are developed so far are applicable only after complete mixing of
the pollutant across the cross-section is over which may take
longer time for rivers with large width. Such type of situation is
not represented effectively by various existing one dimensional
models. Moreover, many of these one dimensional models do not
account for the settle able part of Biochemical Oxygen Demand
(BOD) that invariably takes place when partially treated/
untreated waste enters these water bodies. A model that is not
more complicated than a one dimensional model but rationally
predict the Dissolved Oxygen(DO) conditions in almost 80% of
mixing period is presented which can be used in conditions when
partially treated/untreated waste is discharged in water body.
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I. INTRODUCTION

Clean water is absolutely essential for a healthy living.
Pollution of river bodies has become a major global problem
that is more critical in developing nations of the world due to
inadequate measures to protect the surface water quality. All
kinds of wastes (domestic, industrial, agricultural and others)
are often discharged into the surface water bodies like lagoons,
rivers and streams with little or no regard to their assimilative
capacities. A wide variety of water quality variables is affected
by various human activities while interacting with the water
bodies. Dissolved oxygen (DO) of the river is one such
parameter that is often used to measure the effect of pollution
on the river. The biodegradable contaminants in water are
quantified in terms of BOD, a parameter most related to DO.
Both these parameters together are useful in tracing the
pollution conditions and natural purification abilities of river
and in determining permissible level of organic pollutants
discharged in to the water bodies.

The DO conditions in a river are provided by appropriate
mathematical models relating the BOD-DO concentrations
after the discharge of organic pollutants in a water body.

River water quality modelling has a long history that dates
back to the pioneering work of Streeter and Phelps [1]. The
classical Streeter and Phelps (S-P) model describes the
bacterial decomposition of organic carbon characterized by
BOD and its impact on DO conditions. The S-P model does

not, however, account for the settle able BOD which
constitutes a significant portion of the total BOD inputs
through the wastewater outfalls into a river. Moreover, the
assumption that advection is the only relevant transport
mechanism, unnecessarily restricts the model’s validity in the
present era of excellent computing capabilities of digital
computers.

Bhargava [2-5] presented a model for accurate prediction
of DO due to disposal of waste containing settle able as well as
dissolved part of BOD. The model suggest that settle able part
of BOD is removed obeying the linear settling law along with
simultaneous first order exponential decay of non settle able
and dissolved portion of BOD.

Various one dimensional models predicting DO conditions
in rivers are cited in literature [6-13] but these models are not
valid in initial period. These models are capable to predict the
concentration of BOD and DO only after the mixing length is
over, a fact that is usually ignored and the model is used to
calculate the BOD and DO values immediately after the point
of discharge of pollutant. In reality, mixing takes some time to
complete which may be longer for rivers with large width.

Apart from this limited factor, various models developed to
date assume the pollutant to be in dissolved form only which is
again an irrational assumption for the situations where a
significant amount of the organic pollutant is in settle able
form. Such situation arises particularly in developing countries
where untreated/partially treated wastewater is discharged into
the rivers due to ignorance/negligence of the people or costly
equipments for wastewater treatment. In reality, a part of BOD
in the wastewater is always in settle able form. Further,
another part present in a colloidal form converts into a settle
able form due to coagulation and flocculation attainable in the
rivers [2].

Tyagi et al [14] developed a one-dimensional model that
takes into account the effect of both types of BOD (settleable
as well as dissolved) on river’s DO, but this model is also
applicable only after the mixing length is over. Various
complex two-dimensional models [15-18] are also available
but they need a considerable amount of hydraulic data which
in many cases is not available and has to be assumed. Rough
estimation of parameters may lead to a partial loss of accuracy
gained through the multi-dimensional models.
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An enhanced one dimensional model is proposed by
Reichert and Wanner [19] that is capable of predicting
substance distribution for about 80% of the initial period. In
the presented work, the model presented by Reichert and
Wanner is modified to predict BOD-DO conditions in river
due to a discharge of organic waste containing both types of
BOD namely settle able and dissolved types.

Il. MODEL DEVELOPMENT

The cross-section of the river is divided into two zones
namely advective zone in the centre of the river and stagnant
zone along the two banks where the velocity is almost zero. A
mathematical model is developed for the above stated river
system based on the following assumptions:

e  The entire BOD is in two forms namely settleable as
well as dissolved forms. The dissolved part of BOD is
decaying according to first order Kinetics while the settle able
part is being removed by linear law.

e  The size of stagnant zone is aAt and it consists of two
parts located near the river banks while the size of advective
zone is (1-a) At where At is the area of cross-section of the
river and o is fraction of wetted cross-sectional area of the
stagnant zone however for the sake of simplicity we are taking
aAtr =Asand (1-a) AT=A

e No transverse gradient exists within any of the two
zones but there is exchange of mass between the two zones
(viz. advective and stagnant) which is related to the difference
in the respective concentration.

e In stagnant zone, only exchange of mass with the
advective zone and reaction are considered.

e In advective zone, advection, reaction and exchange
of mass are considered.

e The effect of reaeration, modeled according to
Henry’s law, is considered in both the zones.

e The whole pollutant is being released into the
advective zone only.

On the basis of the above assumptions the following
equations representing the BOD mass balance equation in
advective zone and stagnant zones are developed as follows:

A. Advective Zone

Lo(l—l.ij;x<x1
L= du (1)
0 P X=X
dB y
0=-u—-kB, —~(B, - B’ 2
KB, — (B, - B) @
dc y
0=-u—-mL-kB, -—~(C-C')+k, (C,-C) (3
dx s =4 (C-C)+k(C.-C) @

B. Stagnant Zone
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0= i(sd ~B')-kB' (4)
Ozi(c—C')—kB'+k,'(CS'—C') 5)

Where L = concentration of settleable BOD in advective
zone; L, = concentration of initial settle able BOD in
advective zone; U = average cross-sectional velocity in the

advective zone (L/T); v = settling velocity of settle able BOD
in advective zone(L/T); X = distance in flow direction (L); d=

depth of stream in advective zone (L); X, = distance in
advective zone where settle able part is completely
removed, B' = concentration of BOD in stagnant zone
(M/L; B, =concentration of dissolved BOD in advective
zone (M/L3); ¥ = exchange coefficient per unit length
(L%T); k = decay rate of dissolved BOD (T%) ; A = cross-
sectional area of the advective zone; A, = cross-sectional area

of the stagnant zone; K, = coefficient of reaeration in
advective zone (T™); M = removal rate of settle able BOD in
advective zone(T™); kr '= coefficient of reaeration in stagnant

zone (TY); C = concentration of DO in advective zone
(M/L®); C' = concentration of DO in stagnant zone
(M/L); C,'= concentration of DO at saturation level in

stagnant zone. (M/L?); C, = concentration of DO at saturation
level in advective zone. (M/L®);

The BOD in an advective zone is considered in two parts
settle able as well dissolved and it is evaluated separately in Eq.
1 and Eq. 2. Eq. 1 gives the decay of settle able BOD while Eq.
2 represents the decay of dissolved BOD respectively with
distance downstream. Eq. 1 suggests that the settle able part
gets removed at a distance x = x; after which this does not take
any oxygen from the river. This distance will be longer for
deeper rivers and for smaller flocculated particle size. The
combined effect of both the parts of BOD on DO is given by
Eqg. 3.

Since it is assumed that the settle able part gets settled at
the outfall itself due zero velocity in stagnant zone, Eq. 4 gives
the concentration of dissolved BOD only. Eq. 5 represents the
effect of BOD on DO in stagnant zone.

C. Boundary Conditions

The associated boundary conditions reflecting the release
of the pollutants according to assumption mentioned abo ve:

By =Bowand C =C,atx=0

I11. METHOD OF SOLUTION
Eg. 1 is solved independently and the value of L is
obtained at various distances downstream. To solve Eg. 2 we
need the value of B’ which is obtained from Eq. 4 and Eq. 4
gives the value of B’ in terms of B, which when substituted
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in Eq. 2 gives a first order differential equation in B, which is
solved by variable separable method. Solution of Eq. 3
requires the value of B, L and C" in terms of x. The values
of L and B, are supplied by Eq. 1 and Eq. 2 respectively.

However, Eq. 5 is used to get the value of C’ in terms of C.

Since Eq. 5 contains B’ also, solution of Eq. 4 is required
prior to the solution of Eq. 5. After substitution of the values of

L, By and C’ in Eq. 5 we get a Leibnitz linear differential
equation of first order in C.

The above mentioned steps are shown here for further
clarification.

Forx < x; ,solving Eq. 4 we get

7
B'= B,

B'= L By, Wheref'= v
A

(B+k)
(6)
Using Eg. 6 in Eq. 2 we get
dB A
0=- ¢ +|-kB,|-4 B, - B
u X +[ N ﬂ( d (5+k) dj
h _r
wherefg A
Or
dﬁ:—k+58dwhere,5= pK
ox u (B+k)
Or
dB,
=—uB 7
ox HBy 0
K+o
Where 1 =

Using the boundary condition B, =B, , at x = 0, Eq. 7
can be solved as

By =B,_q €Xp(—X) ®)
Therefore the total BOD in the advective zone is represented
by the following equation:
B=B,+L X < X,
(8a)
= B, X > X,
Using Eq. 8 in Eq. 6, we get
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1 ﬂ'
B'=7nB, , exp(—uX), where n =——— (9
11B,_q €Xp(—4x) , where 77 Bk ©)
Using Eq. 9in EqQ. 5
C= P C- ki B, 4 eXp(—x)+ C. K,
[B+K' LK, p+k’
Using Eg. 10 in Eq. 3, we get

E+ Ke o C=- kB, exp (—ux)(lJr—nﬂ ]
! (11)

(10)

r

dx u g +k,
mLOV kr Cs +§Cs _mLO
+ X+
u’d u
K
Where ét:l—'r
(/”k r)

Eqg. 11 is a Leibnitz linear equation with integrating factor

equal to eXp(M XJ

u
Solving Eq. 11 with boundary conditions C = C, at x=0 we get:
mL_vx
0]

Cc-= —(ku B, 4 {exp(— ﬂx)‘exp[_ (kr :f)xJ} udlk +¢)

mL v {1 exp[ (k'r+§)xﬂ . k Co+ & omky

ﬂj e u (kr +<§)

b 2

(ﬂ'+k'r+77ﬁ)
e \/k y and X <Xx1
" rA r +§—,uu)
Using Eq. 12 in Eq. 10 we can get the value of C'.

(12)

where U = £
\

When, X =X, omitting the term corresponding to settle
able part from Eq. 10 and using in Eq. 3 we get

E+—(kr i §)C L (ﬁ'frll('r'wﬂ) exp(—x)
dx u u (,B +k r)
. kC, +£&C/ (13)

u
Integrating factor for Eq. 13 is given by

%N

Solution of Eq. 13 with boundary conditions given
byC=D atx = xl,we get
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7#)(1

(k +§)(x1—x)
C= —(kuBo—d) exp(— ;:x)—exp %
kC +&
r’s S 11— exp

)
(k, +¢) 7 u
(kr N 5)()(1 - X)

+

+ D exp (14)

Using value of C from Eq. 14 in Eq. 11, we get the value of
C'for x> X,.

The total BOD (TB) and total DO (TD) at any point x are
then calculated by following equations:

TC=(-&)C+aC'
TC=(1-a&)C+aC'

(15)
(16)

IV.CASE STUDY

To analyse the capabilities of the presented model, it is
applied to Uvas Creek for which some of the physical
parameters with their values are taken from Reference [9] and
outlined in Table 1.To predict the concentration of DO in
considered river system, some kinetic and chemical parameters
are appropriately taken from the Literatures [2-5] and their
values are given in Table 2. Comparison of BOD and DO
predicted by one dimensional model by Tyagi et al [14] and
presented model are shown in Fig. 1 and Fig. 2 respectively.

TABLEI

PARAMETERS ESTIMATED BY BENCALA AND WALTER FOR UVAS
CREEK, CALIFORNIA

ST Parameter Value Units
No.
1 Q 0.013 m®/s
2 A 0.36 m?
3 A, 0.64 m?
4 u 2800 m/day
TABLE II
CHEMICAL AND KINETIC PARAMETERS
ST Parameter Value Units
No.
1 k 3 day?
2 k, =k,=m 10 day*
3 Bg 16 Mm/L3
4 Lo 12 Mm/L3
5 4 8957.95 | L%/day
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Fig. 1 Concentration of BOD predicted by present model & one dimensional
model in advective zone.
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Fig. 2 Concentration of Total DO as predicted by present model & one
dimensional model in advective Zone.

Fig. 1 represents a comparison of Total BOD predicted by
presented model and One Dimensional Model. It is observed
that Concentration of Total BOD obtained from presented
Model is less than that predicted by one dimensional Model
with the distance downstream. The reason is removal of settle
able part at a rate faster than that for one dimensional model.
The assimilation of BOD is therefore more and consequently
the remaining BOD would be less with distance downstream.

Fig. 2 represents the comparison of DO predicted by
presented model and one dimensional model. It is observed
from the two DO sag curves that the critical point in case of
DO predicted by presented model is shifted towards the
source and it’s magnitude is lesser than the one predicted by
one dimensionl model, however, the recovery of DO is faster
in case of present model. Since more assimilation of BOD at a
faster rate would require more DO present in the river, the rate
of oxygen depletion would be more and critical point( point at
which DO is minimum) occurs earlier and consequently less
DO shall remain in the river upto a certain point. The recovery
of DO from atmosphere shall be faster in case of deeper sag
(Henry’s law)as is being observed in DO sag curve for
presented model.

Table 3 gives the comparison of location and magnitude of
critical DO deficit based on the prediction by the presented
model and one dimensional model. It is observed from Table 3
that critical DO predicted by presented model is shifted
towards origin as compared to One Dimensional Model. Since
all the factors affecting the river’s DO being same everywhere,
the greater demand would consume more DO and
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consequently the DO would decrease with increased amount of
BOD exertion.
TABLE Il

COMPARISON OF LOCATION AND MAGNITUDE OF CRITICAL
CONCENTRATION OF DO

Sr. Distance Crltlcal_
No Model (meters) concentration
' of DO(mg/L)
One
1 dimensional 348 5.85
model
9 Present 108 579
model

V. CASE STUDY

To further advocate the robustness of presented model, it is
applied to a real life data presented by Bhargava [3] for the
Indian holy river Ganges along Kanpur. This data was
collected at several points downstream of the sewage outfall
points at some major urban centres (Kanpur). The values for
BOD and DO concentration predicted by the presented model
are plotted along with the observed values for BOD and DO.

Fig. 3 represents a comparison of BOD as predicted by the
present model with the observed BOD values. Similar plots for
DO are prepared in Fig. 4.

present model (Bhargava Data)

observed BOD
-
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Fig. 3 Comparison of predicted BOD by the present model with the observed
values
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Fig. 4 Comparison of predicted BOD by the present model with the observed
values

It is observed from Fig.3 and Fig.4 that the values of BOD
and DO predicted by the present model agrees fairly well with
the observed values of BOD and DO respectively.
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Table 4 gives a comparison of the occurrence as well as the
concentration of critical DO as predicted by Tyagi’s one
dimensional model, Bhargava’s model and Presented model
with the observed location and magnitude of the critical
concentration of DO. It is observed from the table that the
prediction by presented model is closer to the observed
location and magnitude of critical concentration of DO.

TABLE IV

COMPARISON OF LOCATION AND MAGNITUDE OF CRITICAL
CONCENTRATION OF DO

. Error % in
Sr. Distance Critical Con.
Model Con. of .
No. (meters) Of critical
DO(mg/L)
DO
One
1 dimensional 1060 2.3 14.8
model
o | Bhargava 1050 2.297 14.9
Model ' '
3 Present 901 253 6.3
model
4 Observed 933 27
values

VI. CONCLUSION

In this paper, a model is presented that effectively address
the situation and accurately predict the condition of DO in
rivers when partially treated/untreated waste is discharged into
the rivers. The robustness of the model is established by two
case studies using the data already published in the literature.

In Case Study-l, due to non availability of relevant data
required for analysis of present model, a partially real data is
taken for Uvas creek, California and the values of BOD and
DO concentration predicted by one dimensional model and
presented model are plotted. It is established that the decision
based on prediction made by one dimensional model may be
erroneous in situations where partially treated /untreated waste
enters a river.

To show the robustness of the presented model, a real life
data for the river Ganges (INDIA) is used to compare the
concentration of DO predicted by the presented model,
Bhargava’s model, one dimensional model and observed DO
values. A very good agreement of the DO concentration as
predicted by the presented model with the observed values
shows that the DO conditions in rivers can be predicted more
accurately by the presented model in the situation when
partially treated/untreated waste enters a river.

REFERENCES

[1] M. W. Streeter, E.B. Phelps, “A study of the pollution and
natural purification of the Ohio River”, Public Health Service
Bulletin, 146, 1925.

[2] D.S.Bhargava, “Most rapid BOD assimilation in Ganga and
Yamuna river”, Journal of Environmental Engineering,
American Society of civil Engineers, vol. 1, No. 109, pp. 174-
188, 1983.

[3] D.S. Bhargava, “DO sag models for extremely fast river

purification” Journal of Environmental Engineering, American
Society of civil Engineers, vol 3, No. 112, pp. 572-585, 1986a.

_33_



International Journal of Environmental Protection

[4] D.S. Bhargava, “Modeling for compounded DO sag™, Australia.
Civil Engineering Transactions, Institution of Engineers, vol 3,
No. 28, pp. 222-230, 1986b.

[5] D. S .Bhargava, “Models for polluted streams subject to fast
purification”, England. Water Research, vol. 1, No. 20, pp. 1-8,
1986¢.

[6] K.E. Bencala and R.A. Walters, “Simulation of solute transport
in a mountain pool- and - riffle stream: a transient storage
model,” Water Resource Research, vol. 3, No. 19, pp. 718-724,
1983.

[71 A. D. Koussis, P. Kokitkar and A. Mehta, “Modeling DO
conditions in stream with dispersion”, Journal of Environmental
Engineering. American Society of Civil Engineering, vol. 3, No.
116. pp. 601-614, 1990.

[8] R.L. Runkel, “One dimensional transport with inflow and
storage (OTIS): A solute transport model for streams and rivers”,
U.S. Geological Survey, Water Resources, Investigation Report
98-4018, pp. 73, 1998.

[9] S.C. Chapra and R.L. Runkel, “Modeling impact of storage
zones on stream dissolved oxygen™, Journal of Environmental
Engineering, ASCE vol. 125, No. 5, pp. 415-419, 1999.

[10] H.B. Fischer, “A note on the one dimensional dispersion mode”,
International Journal of Air and Water Pollution, vol. 10, pp.
443-452, 1966b.

[11] N.L. Nemerow, ““Scientific Stream Pollution Analysis™. McGraw
Hill Book Company, 1974.

Oct. 2012, Vol. 2 Iss. 10, PP. 29-34

[12] S. Rinaldi etal, “Modeling and Control of river quality”,
McGraw Hill Book Co. 1979

[13] R.V. Thomann, and J.A. Mueller, “Principles of surface water
quality modeling and control”, New York, DC: Harper and Row
publishers, 1987.

[14] B. Tyagi, S. Gakkhar, and D.S. Bhargava, “Mathematical
Modeling of stream DO-BOD accounting for settle able BOD
and periodically varying BOD source,” U.K. Journal of
Environmental Modeling and Software, Elsevier, vol. 5, No. 14,
pp. 461-471, 1999.

[15] N. Yotsukura and W. Sayre, “Transverse mixing in natural
channels, Water Resource, vol. 4, No. 12, pp. 695-704, 1976.

[16] G.K.Y. Luk, Y. L. Lau, W.E. Watt, “Two dimensional mixing in
rivers with unsteady pollutant source”, Journal of Environmental
Engineering. ASCE, No. 116, pp. 125-143, 1990.

[17] T. O. Harden and H.T. Shen, “Numerical simulation of mixing in
natural rivers,” Journal of Hydraulics Division, ASCE, vol. 4,
No. 105, pp. 393 - 408, 1979.

[18] T.P.H. Gowda, “Water quality prediction in mixing zones of
rivers”, Journal of Environmental Engineering, ASCE, vol. 4,
No. 110, pp. 754-769, 1984.

[19] P. Reichert, O.Wanner, “Enhanced one dimensional modeling of
transport in rivers”, Journal of Hydraulic Engineering, ASCE,
vol. 9, No. 117, pp. 1165-1181, 1991.

_34_



