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Abstract- This paper addresses the general overview of 2D 
mathematical models both for inorganic and organic 
contaminants moving in an aquifer, taking into consideration the 
most important processes that occur in a ground. These 
processes impact in different extent on the concentration 
reduction values for the moving contaminants in a groundwater. 
In this analysis the following processes have been taken into 
consideration: reversible physical non-linear adsorption, 
chemical and biological reactions (as biodegradation-biological 
denitrification) and radioactive decay (for moving radionuclides). 
Based on this 2D contaminant transport models it has been 
possible to calculate numerically the dimensionless concentration 
values with and without all the chosen processes in relation both 
to the chosen natural site (piezometers) and the chosen 
contaminants. In this paper, it has also been possible to compare 
all the numerically calculated concentration values to the 
measured concentration ones (in the chosen earlier piezometers) 
in relation both to the new unpublished measurement series of 
May 1982 and to the new set of parameters used in these 2D 
contaminant transport models. 
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I. INTRODUCTION 
One can say that many more or less complicated 

mechanis ms (processes) appear during the flow of 
contaminants in a groundwater. These processes appear and 
overlap in a ground during contaminant movement and should 
also be mathematically described as practical transport models 
which can be used in practice to simulate contaminant 
concentrations in a groundwater. In spite of the phenomenon 
of contaminant transport in groundwater flow system is quite 
well-known and described in literature as the partial 
differential equations; however, the main  problem is related 
with the proper selection of the optimum numerical values of 
all the parameters being considered in these equations. These 
all parameters representing the interactive processes in ground 
system are strongly connected among other things both with a 
kind of climate (temperature) and with a kind of ground 
system with moving in  it contaminants. It is especially  related 
to the parameters representing the biological and chemical 
(radioactive decay) reactions – processes (on aqueous − solid 
surface) being considered in transport equations as the last 
term of these equations (see also the last term ∑ nR in the 
presented below general Equation 1).     

In various climatic and ground conditions all the 
numerical parameters using both in author's models and in  the 
many literature models are quite different even for the similar 
(but never the same) contaminants moving in g round media 
(Spitz and Moreno, 1996; Chiang, 2005; Javadi and AL-

Najjar, 2007; Weiss and Cozzarelli, 2008;  Kraft et  al., 2008;  
Aniszewski, 2009; Taniguchi and Holman, 2010;  Aniszewski, 
2011). This is connected, among other things, with negative 
or positive charging of the solid phase of natural soils (as the 
“anionic” or “cationic” exchange) (Sp itz and Moreno, 1996;  
Chiang, 2005;  Javadi and AL-Najjar, 2007;  Weiss and 
Cozzarelli, 2008; Kraft et al., 2008; Tan iguchi and Holman, 
2010). It is also to be note that in various climat ic and ground 
conditions, the physico - chemical and bio logical properties 
both of moving groundwater and contaminants may differ 
considerably (Spitz and Moreno, 1996; Chiang, 2005; Javadi 
and AL-Najjar, 2007; Weiss and Cozzarelli, 2008; Kraft et al., 
2008; Taniguchi and Holman, 2010). The more detailed 
description of impact of these climatic and ground conditions 
on contaminant flow in a ground is given, among other thing, 
in Sp itz and Moreno, 1996; Chiang, 2005;  Weiss and 
Cozzarelli, 2008; Kraft et al., 2008; Aniszewski, 2009;  
Taniguchi and Holman, 2010; Anis zewski, 2011. 

The first important topic of this paper was a presentation 
of differences between the numerically calculated 
concentration values with and without all the chosen 
processes proceeding in groundwater based on the presented, 
in the further part of this paper, the reduced to 2D domain  
transport equations. In the further analysis differences 
between the numerically calculated concentration values with 
all the chosen processes and the measured concentration 
values was also made in relation to the other later and 
unpublished measurement series of May 1982 (compared to 
the earlier published measurement series of November 1981 
given in Aniszewski, 2009 and Aniszewski, 2011). The 
abovementioned differences (marked generally as ∆ values in 
Table II) are also allowed to calculate the dimensionless 
values of concentration reductions as the ratios of these 
differences both to the numerically  calcu lated concentration 
values with all the chosen processes and to the measured 
concentration values. All the calculated concentration 
reductions (given in Tab le II) were treated in  the further 
analysis as the standard errors (∆/ cC max

∗  and ∆/ mC max
∗ , 

respectively) (just like in Aniszewski, 2009 and Aniszewski, 
2011). One can say that the presented numerical standard 
errors are also allowed to estimate an  importance of the 
chosen processes in relation to concentration reduction values 
(see results given in Section III-C-Table II and general 
summary and conclusions in Section IV).   

The calculated numerically cC max
∗  concentrations 

( cC max
∗  = cCmax /Co) are treated in the further analysis as 

maximal d imensionless ones along the main x ( ξ ) axis for the 
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y ( η ) and z axes = 0 (see given below Fig. 1 in  Section II-A). 
The explanations of the d imensional cCmax  and Co 
concentrations are given in the further part of Section II-A.  

II. MATERIALS AND METHODS 

A. General Description of the Contaminant Transport and 
Fate Mechanisms 
The partial differential governing equation in 3D domain  

describing the contaminant transport and fate mechanisms of 
species ko is taken into consideration (as mass balance 
equation with the terms of advection, dispersion, adsorption, 
physico-chemical and biological reactions) (Sp itz and Moreno, 
1996; Zheng and Wang, 1999; Chiang, 2005): 

0 0

0 0

( )
( ) ( )

k k

k k

ij i s s n

i j i

mC C
mD mu C q C R

t x x x

∂ ∂ ∂ ∂
= − + +

∂ ∂ ∂ ∂
∑ ,     (1) 

where 0kC  is the solute concentration in flowing groundwater 
in aqueous phase (in the local equilibrium conditions) of 
species ko , ui   is the component of the so called pore 
groundwater velocity in pore space, m is the effective porosity 
of the porous medium, xi  is the distance along the Cartesian 
co-ordinate axis, Dij is the hydrodynamic d ispersion 
coefficient symmetrical tensor, qs is the volumetric flow rate 
per unit volume of aquifer representing fluid  sources (positive) 
and sinks (negative), 0k

sC is the concentration of the source 
or sink flux for species ko, t is the co-ordinate of t ime and 

∑ nR  is the function describing generally biological and 

chemical reactions treated as aqueous-solid surface ones (see 
that ∑ nR  function in Sections II-D and II-E). All the 
further adopted assumptions along with the adopted new set 
of parameters being considered in Equation (1) are presented 
below and in the further part of this paper (see Section II-E). 

In this analysis one-dimensional flow of g roundwater 
along the x ( ξ ) axis (with respect to natural groundwater 
slope along this axis, see also Fig. 1) was assumed hence, 
both the components of the pore groundwater velocities 
( 0== zy uu ) and the advection terms 

( 0// =∂∂=∂∂ zCuyCu zy ) can be neglected. Taking also 
into consideration both real slotted influx that is often used in 
practice of contaminants into the chosen aquifers along the 
vertical z axis and the concentration equalizat ion along this 
direction ( 0/ =∂∂ zC ), the dispersion term along this vertical 

z axis can be set equal to zero ( 0/ 22 =∂∂ zCDz ). In this 
analysis, assuming an isotropic ground medium being 
considered in  the chosen real aquifer (in  the y and z axes), the 
simplified form of the hydrodynamic dispersion coefficient 
symmetrical tensor Dij was accepted. Such assumption is often 
used in literature fo r practical engineering applications (Spitz 
and Moreno, 1996;  Zheng and Wang, 1999; Chiang, 2005). 
So, taking into consideration both the abovementioned 
assumption and one-dimensional flow of groundwater along 
the x ( ξ ) axis, the Dij tensor has simplified form, as the 
longitudinal and transverse dispersion coefficients Dx  and Dy   

(under assumption zy DD ≅ ).   

                           

 
Fig. 1 The illustrative map of the chosen site (piezometers) adopted for numerical calculations and practical verification of the presented here 2D transport models 

(equations) 

The presented above assumptions were also related to the 
site research made by the Institute of Environmental 
Development in Poznań as the capital of the Greater Po land 
Province. The source of groundwater contamination in the 
chosen site (aquifer) was the real ground lagoon (marked  by 
its user as the Lagoon 4) filled with the liqu id manure from 
the pig breeding farm “Redło” nearby Świdwin in the West 
Pomeranian Province of Poland. For the exact examination of 
contamination transport into groundwater a certain number of 

piezometers were installed nearby the existing ground Lagoon 
4 (Aniszewski, 2009; Aniszewski, 2011). The illustrative map  
only of the chosen natural site is presented in Fig. 1 along 
with the detailed numeration of the existed and chosen ones in 
these analysis four piezometers. These four piezometers were 
used in the analyzed numerical calcu lations of the presented 
here transport models (equations) along with their practical 
verification (see, in  Table II, the exemplary  dimensionless 
standard error values ∆/ mC max

∗  in relation to measured 
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concentrations for chlorides and sulfates as Footnote 4 in 
parentheses). However, the distances from the ground Lagoon 
4, as the liquid manure leakage source, to the particu lar 
piezometers are presented in Tables I, II as well as in  Fig. 2 
(see Sections III-B, III-C and II-E, respectively).    

The visual observations of this Lagoon 4 conducted by its 
user confirmed the vertical slotted cracking of geotext ile  and 
direct leaking of the liquid manure into groundwater and 
afterwards movement of this liquid manure in the direction of 
Rega river along the main axis x  ( ξ ) (see Fig. 1). Basing on 
installed piezometers, the Institute of Environmental 
Development in Poznań measured concentration values of the 
chosen contamination indicators in the natural groundwater 
stream (t reated as the mC  concentrations), collect ing the 
water samples in these piezometers located nearby the 
existing ground Lagoon 4. In the further analysis the 
numerical calculations were related only  to the four above-
mentioned piezometers located along the main axis x ( ξ ) for 
axis y ( η ) = 0 (see Fig . 1), taking also into consideration the 
maximal measured concentration values in these four 
piezometers (treated here as the mCmax  concentrations).  

The calculated numerically  dimensional and maximal ( η  
= 0) concentrations in the chosen four piezometers are treated 
in the fu rther analysis as the cCmax  ones. During these testing, 
the concentration values of the chosen contamination 
indicators were also measured in the samples collected 
directly in  the considered Lagoon 4 and treated as the initial 
Co  concentrations. In relation to the real (observed) conditions 
of the source of the liquid manure influx into the natural 
aquifer, the infinitesimal width of the geotextile slotted 
vertical cracking was assumed in the further analysis (for the 
numerical solution and calculations of the presented transport 
equations). 

In the further analysis, taking into consideration the 
relatively short ground medium mL 105≈ (as the total length 
between the liquid manure leakage source in lagoon 4 and the 
last chosen piezometer X (5) – see Fig. 1, Tab les I, II), the 
lack fluid sources (positive) and sinks (negative) for species ko  

in Equation (1) was also assumed ( 0k
ssCq = 0 ). In the 

governing Equation (1) the species index ko, for simplicity of 
presentation the presented in the further parts equations, was 
also dropped. So, finally, taking into consideration all the 
above mentioned assumptions, the simplified forms of 
Equation (1) in  2D domains were presented in the further 
parts of this paper in relation to  the x ( ξ ) and y ( η ) axes (see 
Equations 3, 8, 14 and 18  in Sections II-B, II-C, II-D and II-E,  
respectively).  

B. Detailed Description of Contaminant Transport in 
Groundwater Theoretically without Adsorption Process  
Dropping, for ch loride and sulfate indicators, both the 

adsorption process and the biological and chemical react ions 
in a ground ( ∑ nR = 0), the most simplified well-known 2D 
form of Equation (1) can be expressed as follows (Spitz and 
Moreno, 1996; Zheng and Wang, 1999; Chiang, 2005): 
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where ux is the component of the so called pore groundwater 
velocity in pore space along the x axis, Dx, Dy are the 
components of the longitudinal and transverse dispersion 
coefficients along the x and y axes that depend on the 
longitudinal and transverse dispersivities Lα( , Tα ) and (x, y)  
are the Cartesian co-ordinates of the assumed reference 
system. Dropping, in the first stage of numerical calculations, 
the adsorption process (proceeding with more or lower 
intensity in natural ground systems) was aimed  at the 
expected defining concentration reduction values caused 
theoretically by this process only. In the further analysis the 
adsorption process, proceeding always in reality in natural 
ground water streams, was taken also into consideration (see 
also Equations 8, 14 and 18 with adsorption terms). So, under 
such assumption, the well-known retardation factor resulting 
with the adsorption process was also neglected in Equation (2) 

( 00.11 =
∂
∂

⋅+=
C
S

m
R ρ ), where the explanation of the 

parameters appearing in this retardation factor are given in the 
further part of this paper (after Equation 7). The 
dimensionless form of Equation (2) is written bellow: 
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where L is the measured distance from the source of the 
contaminant outflow (in jection) to the last ground-cross 
section (piezometer) in the chosen ground, treated as the 
known length of the solution area in the numerical solution 
(calculat ions) ( mL 105≈ , see also Tables I, II) and Co  is the 
initial measured contaminant concentrations in the source of 
the outflow (injection) into the chosen natural aquifer, along 
the vertical slot with assumed infinitesimal width of this slot, 
treated as the known in itial concentrations in the numerical 
solution (calculations). The exemplary initial numerical Co 
concentration values for the chloride and sulfate indicators are 
given in Section II-C for the analyzed later measurement 
series of May 1982. So, taking into account the above 
assumptions for numerical solution of Equation (3), the initial 
and boundary dimensionless conditions were adopted in the 
form:  

− in itial condition: 
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− boundary conditions: 
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These conditions as Equations (5) and (6) are related to 
the considered semi-confined plane of groundwater flow. In  
this analysis, taking into account the symmetry, the area of 
flow was considered for )0( ∞≤〈 ξ and )0( ∞≤〈η . In 
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further numerical calculat ions the asterisk symbol for the 
concentration values were also neglected ( ∗C = C ).  

C.  Detailed Description of Contaminant Transport in 
Groundwater with Adsorption Process  
Taking  into consideration the adsorption process and 

neglecting the biological and chemical reactions in a ground 
( ∑ nR = 0), the simplified well-known 2D form of Equation 
(1) can be expressed as follows (Spitz and Moreno, 1996;  
Seidel-Morgenstern, 2004; Chiang, 2005): 
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where S is the mass of the solute species adsorbed on the 
grounds per unit bulk dry mass of the porous medium (in the 
local equilibrium conditions), ρ  is the bulk density of the 
porous medium and )]/()/(1[ CSm ∂∂⋅+ ρ  is the constant in 
time retardation factor (R 00.1≠ ) resulting from sorption 
process (dimensionless) (Chiang, 2005). The dimensionless 
form of Equation (7) is written bellow: 
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with the auxiliary parameters: 
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where K, N are the parameters of the non-linear Freundlich 
isotherm (K as the Freundlich constant and N as the 
Freundlich  exponent, that depend on the solute species, the 
nature of the porous medium and the other condition of the 
system). The numerical values of the K and N parameters 
were calcu lated based on the updated author's laboratory 
research for all the chosen indicators in relation to the 
analyzed here other later measurement series of May 1982. 
According to this presented here later measurement series, the 
exemplary and updated numerical values of the K and N 
parameters are: K = 0.4091 m3 / g-1 and N = 0.6103 for 
chloride indicator and K = 1.2648 m3  / g-1 and N = 0.8368 for 
sulfate indicator, respectively. These numerical values of the 
K and N parameters presented in this paper insignificantly 
differ from the K  and N ones related to the earlier presented 
measurement series of November 1981, given in Aniszewski, 
2009 and Aniszewski, 2011 (as smaller values than those 
given in the earlier presented measurement series of 
November 1981). So, the general equation describing 
dimensionless retardation factor (R) for all the accepted 
indicators takes the form (Seidel-Morgenstern, 2004): 
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It should also to be note that the retardation factor (R) is a 
constant value in t ime for the constant porosity of natural 
aquifers but depends on the concentration values. Taking into 
consideration the updated numerical values of the K and N 

parameters, the lower calculated retardation factors based on 
Equation (10) (t reated as the average values Ra) for all the 
chosen indicators are given in Table II (in Footnote 2). 
According to the presented series here later measurement, the 
exemplary init ial measured contaminant concentration in the 
source of the outflow into the chosen natural aquifer (as the 
Lagoon 4 with liquid manure) are: 3/0.298 −≈ mgCo  for 

chlorides and 3/0.394 −≈ mgCo  for sulfates, respectively. 
These initial numerical Co concentration values presented in 
this paper insignificantly differ from the Co values related to 
the earlier measurement series, given in Aniszewski, 2009 and 
Aniszewski, 2011 (as greater values than those given in the 
earlier presented measurement series). The dimensionless 
initial measured contaminant concentrations in relation to the 
initial measured contaminant ones in the Lagoon 4 with liquid  
manure, for all the presented here contaminants, are given 
also in Table I as Footnote a (as the values equal to 1.00). All 
the measured concentration data (Co and mCmax ) related to 
the analyzed here later measurement series were described in  
unpublished report (in Polish) entitled: “Results of 
physicochemical and bacteriological analyses of water 
samples together with documentation and conclusions 
resulted from these analyses for agricultural complex “Redło” 
in Redło nearby Świdwin”, prepared by the Institute of 
Environmental Development in  Poznań (this document may  
be obtained from the author).          

It should also be noticed that the measured chloride and 
sulfate concentration values ( mC max

∗ ) between the particular 
piezometers are burdened with certain measurement errors 
and maybe fo r this reason the variation between them does 
not have a character of an exponential curve (just like for the 
numerically calcu lated concentrations both with and without 
adsorption process for all the presented indicators). So, these 
measured concentrations for the exemplary two indicators 
were not combined between the particular piezometers in Fig. 
2. The other measured concentration values ( mC max

∗ ) for all 
the rest analyzed here contaminants in relation to  the other 
later measurement series of May 1982 may be obtained from 
the author.  

D. Detailed Description of Contaminant Transport in 
Groundwater with Biodegradation - Biological 
Denitrification 
Taking into consideration both adsorption process and the 

proceeding biological and chemical reactions in a ground (as 
biodegradation - biological denitrification process) 
( ≠∑ nR 0), the well-known 2D form of Equation (1) can be 
expressed as follows (Sp itz and Moreno, 1996; Zheng and 
Wang, 1999; Chiang, 2005; Joekar-Niasar et al., 2008): 
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where ∑ nR is the function describing in th is case 
biodegradation (biological denitrification) process being 
considered in the chosen ground.  The ( ∑ nR ) function for 
biodegradation (biological denitrification) process can be 
expressed as follows (Sp itz and Moreno, 1996; Zheng and 
Wang, 1999; Chiang, 2005; Joekar-Niasar et al., 2008):                                       
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where k1  is  the first-order reaction rate for the kinetically-
controlled biodegradation process for the dissolved (aqueous) 
phase and k2 is the first-order reaction rate for the kinetically-
controlled biodegradation process for the sorbed (solid) phase. 
In this analysis, for biodegradation process, the same first-
order reaction rate k  was assumed for both the dissolved and 
the sorbed phases. However, basing on the literature, it  should 
also be noticed, for biodegradation process, that certain 
reactions can occur only in the dissolved phase with a 
different rate constant (Spitz and Moreno, 1996; Zheng and 
Wang, 1999; Chiang, 2005; Javadi and AL-Najjar, 2007;  
Weiss and Cozarelli, 2008; Joekar-Niasar et al., 2008). So, 
taking into consideration the abovementioned remarks and 
substituting Equation (12) into Equation (11), Equation (11) 
can be rearranged and written as:     
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where k is the first-order reaction rate for the kinetically -
controlled biodegradation process (biological denitrification) 
for both the dissolved (aqueous) and the sorbed (solid) phases. 
Based on the literature analysis, one can say that the nitrate 
biodegradation rate degree (biological transformation) 
proceeding in natural groundwater strongly depends on such 
physico-chemical parameters as: groundwater temperature (T),  
water reaction (pH) and oxidation-reduction potential called 
in short as redox potential (Eh ). Different, every time, values 
of these abovementioned parameters (T, pH, Eh) existing in  
natural aquifers, strongly impact on different numerical values 
of the biodegradation first-order rate constants ( 1k  and 2k ) in  
these aquifers for various moving contaminants.  

The nitrate ions (NO3
−) and BOD indicator (as 

biochemical oxygen demand, that can also be used for 
determining indirect ly concentration of substances susceptible 
to biodegradation process) were chosen in this analysis 
(Javadi and AL-Najjar, 2007; Weiss and Cozarelli, 2008;  
Joekar-Niasar et al., 2008). Based on the literature, in the case 
of nitrate biodegradation, one can rather speak of biological 
transformation (reaction), t reated in a saturated zone mainly  
as biological denitrificat ion. More detailed exp lanations 
concerning the complex biodegradation process proceeding in 
a natural groundwater along with description of the physical 
and chemical parameters depending on this process are given 
among other things in  Spitz and Moreno, 1996; Zheng and 
Wang, 1999; Chiang, 2005; Javadi and AL-Najjar, 2007;  
Weiss and Cozzarelli, 2008; Kraft  et al., 2008; Joekar-Niasar 
et al., 2008; Aniszewski, 2011.  

The numerical optimum literature values of the chosen 
indicators in relation to biodegradation process (biological 
denitrification) and used in numerical calcu lations are: 

151018.0 −−×= sk  for nitrates and 151067.0 −−×= sk  for  
BOD, respectively. The abovementioned numerical values, k , 
were adopted after detailed analysis of these parameters based 
on the unpublished Polish literature in relat ion to the chosen 
Polish (cold) climatic and ground conditions (in the analyzed 
here the West Pomeranian Province of Poland). The 
dimensionless form of Equation (13) is written bellow:   
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with the auxiliary parameters: 
 

.

, ,

 ,  ,, ,,  ,

2)1()1(

)1()1(

1)1()1(

***

∗
−∗−

−∗−

∗
−∗−

∗

=
+

=
+

==

======

A
CCKNm

CCK

A
CCKNm

mtk
u
Lkk

D
Lu

D
D

Lu
D

L
tu

C
C
C

L
y

L
x

NN
o

NN
o

NN
ox

y
x

y
x

x

xx

o

ρ

ρ

ρ

τηξ

                           

(15) 
E. Detailed Description of Contaminant Transport in 

Groundwater with Radioactive Decay  
Taking into consideration both adsorption process and the 

proceeding radioactive decay in a ground ( ≠∑ nR 0), the 
well-known 2D form of Equation (1) can be expressed just 
like Equation (11) (Spitz and Moreno, 1996; Zheng and Wang, 
1999; Chiang, 2005). However, in this case, the ( ∑ nR ) 
function for radioactive decay can be expressed as follows 
(Spitz and Moreno, 1996; Zheng and Wang, 1999; Chiang, 
2005):    

           ,21 SmC
t
SRn λρλρ −−
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−=∑
               

(16) 

where 1λ  is the first-order reaction rate for the rad ioactive 
decay for the d issolved (aqueous) phase and 2λ  is  the first-
order reaction rate for the radioactive decay for the sorbed 
(solid) phase. Basing on the literature, it  should also be 
noticed for rad ioactive decay that the reaction generally  
occurs at the same rate in both the dissolved and the sorbed 
phases (Spitz and Moreno, 1996; Zheng and Wang, 1999;  
Chiang, 2005; Konikow et al., 1996; Javadi and AL-Najjar, 
2007). So, taking into consideration the abovementioned 
remark and substituting Equation (16) into Equation (11), 
Equation (11) can be rearranged and written as:     

,)(2

2

2

2

m
SC

t
S

my
CD

x
CD

x
Cu

t
C

yxx
ρ

λρ
∂
∂

∂
∂

∂
∂

−−
∂
∂

−+
∂
∂

=+                           

(17) 
where λ is the first-order decay rate usually expressed as a 
half-life (t1/2) for both the dissolved (aqueous) and the sorbed 
(solid) phases. The numerical optimum literature value of the 
chosen theoretical radionuclide λ in relation to radioactive 

decay and used in numerical calcu lations is: ≅λ 0.01 1−s  
(for the relat ively short the half-life t ime st 702/1 ≅ ) (see 
also text for given references – see Konikow et al., 1996 and 
Footnote 4  in Tab le I). More detailed explanations concerning 
the radioactive decay in a natural groundwater for various 
radionuclides is given also in Konikow  et al., 1996; Sp itz and 
Moreno, 1996; Zheng and Wang, 1999; Javadi and AL-Najjar, 
2007; Aniszewski, 2009. The dimensionless form of Equation 
(17) is written bellow: 
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with the auxiliary parameters: 
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All the numerical values of the calculated dimensionless 

and maximal ( η  = 0) concentrations ( cC max
∗  = cCmax /Co) 

based on Equations (3), (8), (14) and (18) (without and with 

all the chosen processes) are given in Table I and referred to 
appropriate footnotes in the chosen earlier p iezometers. 
However, the chosen only calculated dimensionless and 
maximal ( η  = 0) concentrations ( cC max

∗  = cCmax /Co) based 
on Equations (3) and (8) (without and with adsorption 
processes) are given also in Fig. 2 and referred to the 
appropriate colours (see Fig. 2). The exemplary  dimensionless 
measured chloride and sulfate concentrations ( max mC∗  = 

max mC /Co) (marked as ∆  symbol in the colour brown for 
chlorides and as ● symbol in  the colour black  for sulfates, 
respectively) are given also in Fig. 2 in relat ion to the other 
later measurement series of May 1982. The rest numerical 
values of both the calculated dimensionless concentrations 
( cC max

∗ ) and the measured dimensionless ones ( max mC∗ ) 
were not presented in Fig. 2, taking into consideration 
preservation of its legibility.   
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Fig.  2 Maximal values of the dimensionless and numerically calculated concentrations ( max cC∗ ) for the analyzed and chosen indicators in the chosen earlier 

piezometers along with the exemplary dimensionless measured concentrations for chlorides and sulfates ( mC max
∗ ) in the chosen piezometers (in relation to the 

measurement series of May 1982) 

At the same time the numerical optimum values of all the 
rest required parameters being considered in the presented 
Equations (3), (8), (14) and (18) as updated and new 
parameterization of all these equations in relation both to the 
chosen contaminants and to the considered ground medium 
are the following: 

– the parameters  

( 36.0,/71.1,/1005.1 33 ==×= − mmgsmux ρ ) as the 
real ground ones adopted based on unpublished technical 
reports (in Polish),   

– the parameters  

[ ])56.0(/1088.5),0.7(/1035.7 2323 msmDmsmD TyLx =×==×= −− αα  

as the optimum dispersion ones calculated by the author of 
this paper.  

The abovementioned new set of parameters used in the 
presented here Equations (3), (8), (14) and (18) along with the 

new K and N parameters of the non-linear Freundlich 
isotherm (see Section II-C) are related to the analyzed here 
other later measurement series of May 1982. These all the 
used parameters insignificantly differ from the parameter 
values related to the earlier measurement series of November 
1981, given in Aniszewski, 2009 and Aniszewski, 2011 (as 
smaller values than those calculated in the earlier presented 
measurement series). General comment concerning of both all 
the final results of numerical calcu lations and the general 
conclusions resulting from these calculations is given in 
Sections III-C and IV, respectively. 

III. RESULTS AND DISCUSSION 

A. Description of Di fference Scheme Used in All  the 
Presented Numerical Calculations 

In numerical calculat ions the “upwind” scheme (as 
“explicit” finite d ifference one, Szymkiewicz, 2010) and the 
author's modified computational, “PCCS – 2.1” program were 
used, respectively. This program allows generally to receive 
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the dimensionless values of the contaminant concentrations 
(without and with all the chosen processes) in the 
dimensionless range of < 0, 1>. However, the method of 
linearization of the presented here Equations (3), (8), (14) and 
(18) along with approximation of the first and second 
derivatives in all these equations was presented in detailed in  
(Aniszewski, 2009 and Aniszewski, 2011). In the presented 
numerical solution of Equations (3), (8), (14) and (18) the 
values of dimensionless steps of the difference scheme grid  
(h*, k*) were determined in relation  to the real range scale L 
≈ 105.0 m of contamination transport in the chosen earlier 
natural aquifer (Aniszewski, 2009 and Aniszewski, 2011). 
The presented below numerical values of dimensionless steps 
of the adopted in this paper difference scheme grid  
( 01.0/ ≅∆=∗ Lxh  and 001.0/ ≅∆=∗ Lyk ) were determined 
under the assumption that the numerical value o f the Peclet  
number should not be larger than two:  

2
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that is, the difference scheme grid  should also be no larger 
than twice the dispersivities ( Lα , Tα ) as the characteristic 
length of heterogeneities of the ground systems (Szymkiewicz,  
2010). In practice, the Peclet number constraint is often 
relaxed outside the area of interest, where lower predict ive 
accuracy is acceptable.  

Such numerical Peclet  number values lower than two  
( 2≤Pe ) min imize simultaneously the “numerical 

dispersion” and “artificial oscillat ions” in relation to 
Equations (3), (8), (14) and (18), where the contaminant 
transport in ground is dominated not only by advection 
process. For such an assumption, the well-known “upwind” 
scheme (as “explicit” fin ite difference scheme) is particularly  
suitable in numerical calculat ions (Szymkiewicz, 2010). In the 
further analysis, the numerical value of dimensionless time 
step of the adopted difference scheme grid  
( 01.0/ ≅∆⋅=∗ Ltuw x ), that min imizes also the “numerical 
dispersion” and “artificial oscillations”, was determined under 
the assumption that the numerical value of the Courant 
number, well-known in the literature,  should not be larger 
than one ( 1/ ≤∆∆⋅= xtuC xa ) (Szymkiewicz, 2010). In these 
numerical calculations (for the adopted dimensionless values 
of difference scheme grids), the important consistency, 
stability and convergence conditions were also preserved to 
minimize so called “numerical d ispersion” and “artificial 
oscillations” in relat ion to these all the above mentioned 
equations describing the particular processes (Szymkiewicz, 
2010). More details concerning the applied “upwind” scheme 
is given also in (Aniszewski, 2009 and Aniszewski, 2011).   

B. Presentation of All the Numerically Calculated 
Concentration Values for the Chosen Contaminants  
All the results of the presented numerical calculations of 

dimensionless concentration values according to appropriate 
Equations (3), (8), (14) and (18) in the chosen piezometers 
along with exemplary dimensionless measured concentrations 
( mC max

∗ ) fo r chlorides and sulfates are given below in Table I.  

TABLE I  MAXIMAL DIMENSIONLESS CALCULATED VALUES OF THE CHOSEN CONTAMINANT CONCENTRATIONS ( cC max
∗ ) ACCORDING TO APPROPRIATE EQUATIONS 

ALONG WITH THE EXEMPLARY DIMENSIONLESS MEASURED CONCENTRATIONS ( mC max
∗ )  (FOR CHLORIDES AND SULFATES IN THE CHOSEN EARLIER PIEZOMETERS 

FOR MEASUREMENT SERIES OF MAY 1982) 

Chosen Contamination in 
Relation to Considered 

Processes 

Numbers of Chosen Piezometers with Dimensionless and Dimensional Distances from the Leakage Source in Lagoon 
4  [Total Distance L to the Last Piezometer X (5) – L ≈ 105.0 M] 

III (8) 
0.38 

X ≈ 40.0 M 

IX (4) 
0.66 

X ≈70.0 M 

VII (6) 
0.86 

X ≈90.0 M 

X (5) 
1.00 

X (L) ≈ 105.0 M 

Chlorides (NaCl) 
[Adsorption Process] 

 
0.44571) 

0.40972) 
1.00a) 

( mC max
∗

 = 0.3862) 

 
0.24251) 
0.22832) 

1.00a) 

( mC max
∗ = 0.2249) 

 
0.16271) 
0.15532) 

1.00a) ( mC max
∗ = 0.1531) 

 
0.10571) 
0.10272) 

1.00a) ( mC max
∗ = 0.1014) 

Sulfates (Na2SO4) 
[Adsorption Process] 

0.38791) 
0.32502) 

1.00a) 

( mC max
∗ = 0.2968) 

0.18181) 
0.15502) 

1.00a) 

( mC max
∗ = 0.1435) 

0.11221) 
0.09752) 

1.00a) 

( mC max
∗ = 0.0916) 

0.07531) 
0.06602) 

1.00a) 

( mC max
∗ = 0.0625) 

Nitrates (NO3
−) 

[Biodegradation Process] 

 
 

0.49952) 
0.49343) 

1.00a) 
 

 
0.26482) 
0.26253) 

1.00a) 
 

 
0.16782) 
0.16673) 

1.00a) 
 

 
0.11472) 
0.11463) 

1.00a) 
 

 
BOD Indicator 

[Biodegradation Process] 
 

 
0.65632) 
0.62313) 

1.00a) 
 

 
0.40102) 
0.38823) 

1.00a) 
 

 
0.28192) 
0.27503) 

1.00a) 
 

 
0.21312) 
0.20563) 

1.00a) 
 

      Chosen Radionuclide 
       [Radioactive Decay] 

 
0.36062) 
0.34674) 

1.00a) 

0.17602) 
0.17054) 

1.00a) 

0.10672) 
0.10374) 

1.00a) 

0.07012) 
0.06894) 

1.00a) 

1)   =  The values of the maximal dimensionless concentrations cC max
∗  (MDC) according to Equation (3) without adsorption (R = 1.00 for chlorides and   

sulfates). 
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2)   =   The MDC according to Equation (8) with adsorption (Ra  ≈ 1.03 for chlorides, Ra  ≈ 2.11 for sulfates, Ra ≈ 1.75 both for nitrates and for BOD indicator – 
accepted just like for nitrates and Ra  ≈ 1.03 for chosen radionuclide – accepted just like for chlorides). 

3)   =  The MDC according to Equation (14) both with adsorption (Ra  ≈ 1.82 both for nitrates and for BOD indicator – accepted just like for nitrates) and 

biodegradation ( ∗k ≈ 0.17 for nitrates and ∗k ≈ 0.62 for BOD indicator). 
4)    =   The (MDC) according to Equation (18) with adsorption (Ra  ≈ 1.03 for chosen radionuclide – accepted just like for chlorides) and with radioactive decay 

(λ* ≈ λ ⋅ t) (as literature value of λ  – see also text for references). 
a)    =   The initial dimensionless concentrations in relation to the initial measured ones in the Lagoon 4 with liquid manure (for the presented later measurement 
series of May 1982). 
 
C. Presentation of All the Calculated Standard Error Values 

for the Chosen Contaminants  
In the next  turn all the d imensionless calculated standard 

error values (∆/ cC max
∗ ) in relation to the numerically 

calculated concentrations along with the exemplary  
dimensionless standard error values (∆/ mC max

∗ ) in relation to 
measured concentrations (for chlorides and sulfates as 
Footnote 4 in parentheses) are given below in Table II in the 
chosen piezometers. 

TABLE Ⅱ  DIMENSIONLESS CALCULATED STANDARD ERROR VALUES (∆/ cC max
∗ ) IN RELATION TO THE NUMERICALLY CALCULATED CONCENTRATIONS ALONG 

WITH THE   EXEMPLARY DIMENSIONLESS STANDARD ERROR VALUES (∆/ mC max
∗ ) IN RELATION TO THE MEASURED CONCENTRATIONS (FOR CHLORIDES AND 

SULFATES AS FOOTNOTE 4 IN PARENTHESES) 

Chosen Contamination in Relation to     
Considered  Processes 

Numbers of Chosen Piezometers with Dimensionless and   Dimensional Distances from the Leakage Source in 
Lagoon 4 [Total  Distance L to the Last Piezometer  X (5) – L ≈ 105.0 M] 

III (8) 
0.38 

x ≈ 40.0 M 

IX (4) 
0.66              

 x ≈ 70.0 M 

VII (6) 
0.86                

  x ≈ 90.0 M 

X (5) 
1.00 

x (L) ≈ 105.0 M 

                   
                  Chlorides (NaCl) 
               [Adsorption Process]: 

∆ / cC max
∗ Equation (8) ×  100% 

      ∆ =  cC max
∗ [Equations (3) − (8)]  

∆ / mC max
∗ for Footnote 4 in Parentheses 

   ∆ =  cC max
∗ Equation (8) − mC max

∗            

              
 
        8.81) 
 
 
       (6.1)4) 

 

 
              6.21) 
 
 
            (1.5)4) 

          
 
 
         4.81) 
 
        
       (1.4)4) 

     

             
 
             
            2.91) 

            
 
          (1.3)4) 
 

                   
                  Sulfates (Na2SO4) 
                [Adsorption Process]: 

         ∆ / cC max
∗ Equation (8) ×  100% 

       ∆ =  cC max
∗ [Equations (3) − (8)]  

∆ / mC max
∗ for Footnote 4 in Parentheses 

   ∆ =  cC max
∗ Equation (8) − mC max

∗            

        
        
 
      19.31) 
 
       
       (9.5)4) 
       

 
      
                  
            17.31) 
     
                         
            (8.0)4) 
 

    
       
         
       15.11) 

 
 
        (6.4)4) 
 

       
         
          14.11) 
 
        
          (5.6)4) 

                   Nitrates (NO3
−) 

           [Biodegradation Process]: 

       ∆ / cC max
∗ Equation (14) ×  1000 o/oo 

      ∆ =  cC max
∗ [Equations (8) − (14)]  

         
      10.82) 

         
              8.72) 

           
         6.22) 

              
            0.82) 

                     
                    BOD indicator 
           [Biodegradation Process]: 

       ∆ / cC max
∗ Equation (14) ×  1000 o/oo 

       ∆ =  cC max
∗ [Equations (8) − (14)]   

         
        4.72) 

         
              3.32) 

           
         2.52) 

             
            2.02) 

                    
                   Chosen Radionuclide 
                   [Radioactive Decay]: 

          ∆ / cC max
∗ Equation (18) ×  100% 

       ∆ =  cC max
∗ [Equations (8) − (18)]   

         
        4.03) 

         
              3.23) 

           
         2.93) 

             
            1.83) 

1)  =   The standard errors (SE) between the (MDC) according to Equations (3) and (8) with (Ra ≈ 1.03) and without (R = 1.00) adsorption process for 
chlorides  and with (Ra ≈ 2.11) and without (R = 1.00) adsorption process for sulfates in [%] in relation to the (MDC) according to Equation (8).  

2)  =   The (SE) between the (MDC) according to Equations (8) and (14) with ( ∗k ≈ 0.17 for nitrates and ∗k ≈ 0.62 for BOD indicator) and without ( ∗k = 0) 
biodegradation (with adsorption Ra ≈ 1.75 both for nitrates and for BOD indicator – accepted just like for nitrates) in [o/oo] in relation to the (MDC) 
according to Equation (14). 
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3)  =   The (SE) between the (MDC) according to Equations (8) and (18) with (λ* ≈ λ ⋅ t) (as literature value of λ  – see also text for references) and without (λ = 0) 
radioactive decay (with adsorption Ra ≈1.03 for chosen radionuclide – accepted just like for chlorides) in [%] in relation to the (MDC) according to Equation 
(18).           

4) =  The (SE) between the (MDC) according to Equation (8) with (Ra  ≈ 1.03) adsorption process for chlorides and with (Ra ≈ 2.11) adsorption  process for 

sulfates in [%] in relation to the measured concentrations mC max
∗  in the chosen piezometers. 

 
 All the results as the standard errors of the numerical  

concentration calculations (in % and o/oo), given in  Table II are 
as follows: 

− based on Equations (3) and (8) (with and without 
adsorption process in relation to the calculated contaminant 
concentrations with adsorption): from 2.9 to 8.8 for chlorides 
and from 14.1 to 19.3 fo r sulfates (as the maximal erro rs, see 
also Fig. 2) (values referred to Footnote 1 in Table II, in %). At  
the same time, one can say that all these abovementioned 
maximal standard errors are also various to the standard errors 
based both on Equation (8) (with adsorption process) and the 
measured contaminant concentrations in relation to the 
measured contaminant ones in the chosen piezometers. The 
numerical values of the calculated earlier standard errors in 
relation to the measured contaminant concentrations are as 
follows: from 1.3 to  6.1 for chlo rides and from 5.6 to 9.5 for 
sulfates (values in the parentheses referred to Footnote 4 in 
Table II, in  %). Additionally, it  should also be emphasized that 
the lower measured concentration values (compared to the 
calculated ones), for all the presented here contaminants, cause 
a greater marg in of safety for prognosis and simulation  of 
concentration values calculated based on the presented 
transport models (equations). In opposite case practical use of 
all the presented transport models could be questionable for 
calculations of contaminant concentrations in ground systems. 
The exemplary lower measured concentration values for 
chlorides and sulfates in relation to the calculated 
concentration values are presented in Fig. 2 (the symbols of 
these indicators were given also in Section II-E).   

− based on Equations (8) and (14) (with and without 
biodegradation process and with adsorption in both cases): 
from 0.8 to 10.8 for n itrates and from 2.0 to 4.7 for the BOD 
indicator (as the minimal errors) (values referred  to Footnote 2  
in Table II,  in o/oo), 

− based on Equations (8) and (18) (with and without 
radioactive decay and with adsorption in both cases): from 1.8 
to 4.0 for the chosen radionuclide (values referred to Footnote 
3 in Table II,  in %) (see also text for references – Konikow et 
al., 1996).  

The presented here both numerical calculat ions of 
dimensionless concentration values (given in Table I) and the 
standard errors (g iven in  Table II) confirmed also importance 
hierarchy of the most important and chosen here processes in 
relation to the concentration reduction values for all the 
moving contaminants in the analyzed ground (from sulfates as 
the highest reduction to nitrates and BOD indicator as the 
lowest one). It should be note that the abovementioned remark 
is also confirmed based on the more or less similar earlier 
calculations of both the concentration values and the standard 
error values in relation to the earlier measurement series of 
November 1981, presented in Aniszewski, 2009 and  
Aniszewski, 2011.  

Additionally, it should also be noted that all the measured 
concentration values from the presented here measurement  
series of May 1982 in all the chosen piezometers are greater 

than the measured concentration values in the earlier 
measurement series of November 1981 (given in Aniszewski, 
2009 and Aniszewski, 2011). It  can show a gradual depletion  
in time of the adsorbing capacity in the sandy aquifer presented 
here with fine sand filling in relation to adsorption process, as 
the process that causes the greatest concentration reduction 
values. This fact is connected at the same time with decreasing 
in time the retardation factors (R) that depend on contaminant 
concentration values in ground systems (see Equation 10 and 
remarks given in Section II-C). We can also say that these 
calculated retardation factors (R) will be gradually approaching 
the values 00.1≅R  (for total deplet ion of the adsorbing  
capacity of porous media).  

Simultaneously, it means that the S value as the mass of the 
solute species adsorbed on the grounds per unit bulk dry mass 
of the porous medium will be gradually approaching the zero  
value 0≅S  (see Equation 10 in Section II-C). The lower  
numerical values of (R)  (treated as the average values Ra ) are 
given in Table I as Footnote 2 compared to the greater Ra 
values given in Aniszewski, 2009 and Aniszewski, 2011. 
Nevertheless, to confirm all the above mentioned remarks, it  
seems to be necessary to carry out further practical 
verifications of the presented author's numerical transport 
models (equations) in relation to next ground regions (with  
installed piezometers) with both the same or other climat ic and  
the same or other ground conditions, compared to the 
presented here ones (as other sets of parameters using in these 
models).  

IV. SUMMARY AND CONCLUSIONS 
 Final conclusions resulting from all these numerical  

calculations, given in this paper, are as follows: 

1.  One can say that the non-linear adsorption process is of 
very great importance in terms of the concentration reduction, 
especially for the sulfates (see Fig. 2 and Table I) and in  less 
range for the chlorides moving in  a natural aquifer (see the 
standard errors referred to Footnote 1 in Tab le II). This is 
connected with significantly various adsorption capacities for 
both these inorganic compounds chosen in this paper (various 
numerical parameter values of non-linear adsorption isotherms 
describing this process for these indicators).  

2. One can say that the biodegradation of the chosen 
compounds (as nitrates and BOD indicator) moving in a 
natural groundwater is of very s mall importance in terms of the 
concentration reductions (see the standard errors referred to  
Footnote 2 in Table II). Th is is connected with very low 
numerical values of the first-order biodegradation rate 
constants, k , for both compounds chosen in this paper and the 
other inorganic ones taken from the literature. The 
biodegradation of the chosen indicators moving in a natural 
groundwater to fully mineral forms proceeds very quickly at a  
relatively short ground medium [in  this paper this distance was 
referred from the source of the contaminant outflow to the last 
existed piezometer X (5) − L ≈ 105.0 m] (Tables I, II). As it  
results from the literature (see the text for references and 
Aniszewski, 2011) one can say also of very s mall importance 
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of the biodegradation process in relation also to organic 
compounds susceptible to this process because of very low 
numerical values of the first-order biodegradation rate 
constants, k , fo r this type of contaminants. 

3. One can say that the radioactive decay is of small  
importance in  terms of the concentration reductions (see the 
standard errors referred  to Footnote 3 in  Table II). At the same 
time, it should to be note that the first-order decay rate 
constants λ  (half-life times 2/1t ) of various radionuclides 
vary in  huge ranges what simultaneously, can causes great 
differences in the concentration reductions, but generally in  
low limited ranges as low numerical values of the last term 
describing the radioactive decay (see Equations 17 and 18  in  
Section II-E).   

4. One can also say that the presented importance hierarchy  
of the most important and chosen here processes in relation to 
the concentration reduction values for all the moving  
contaminants was confirmed for the two different sets of 
parameters used in the analyzed equations in relation also to 
the two different measurement series of November 1981 
(Aniszewski, 2009 and Aniszewski, 2011) and of May 1982, 
respectively. 

5. It can also be said that the presented author's  transport 
models in the chosen groundwater stream are a certain  
contribute and supplement in relation to numerous literature 
transport models (equations), using for calculations of 
contaminant concentrations moving in natural ground systems. 
Especially as it is very hard to define concentration values 
based on the numerous more or less similar literature models 
(equations), taking also into consideration several the most 
important factors given below:  

− various every time climatic and ground conditions (as 
negative or positive charging of various natural ground media 
in relation to the solid phases – see also text in Section I), 

− various every time scales (lengths) of contaminant  
propagation plumes with the necessity of determining the 
geometric scale-depended similarity for these plumes (with  
various micro- or macro-scopic ground heterogeneities in them) 
(Joekar-Niasar et al., 2008), 

− various every time selections or calcu lations of all the 
required parameters being considered both in the presented 
here equations and in the literature ones, based on laboratory 
or field measurements (as various numerical values of all these 
parameters changing in huge ranges).  
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